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Abstract

In this paper, we investigate the mild solutions of a nonlocal Cauchy problem for nonautonomous frac-
tional evolution equations New results are obtained by using Sadovskii’s fixed point theorem and the Banach
contraction mapping principle. An example is given to illustrate the theory.
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1. Introduction

The qualitative behavior of evolutionary fractional differential and difference equations, whose right-
hand side is explicitly time-dependent can be described by nonautonomous dynamics. Over recent years,
the theory of such systems has developed into a highly active field related to, yet recognizably distinct from
that of classical autonomous dynamical systems. This development was motivated by problems of applied
mathematics, in particular in the life sciences where genuinely nonautonomous systems abound. On the
other hand, the existence of the solution of the fractional differential equations with nonlocal conditions has
been investigated widely by many authors as, the nonlocal conditions are more realistic than the classical
initial conditions such as in dealing with many physical problems.

In recent years, impulsive differential equations have become an active area of research due to their
demonstrated applications in wide spread fields of science and engineering such as biology, physics, control
theory, population dynamics, economics, chemical technology, medicine and many others. Many physical
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systems which are characterized by the occurrence of an abrupt change in the state of the system can be
described by impulsive differential equations. These changes occur at certain time instants over a period of
negligible duration. Impulsive differential equations are also an appropriate model to hereditary phenomena
for which a delay argument arises in the modeling equations. These equations describe the evolution processes
that are subjected to abrupt changes and discontinuous jumps in their states. Many physical systems
like the function of pendulum clock, the impact of mechanical systems, preservation of species by means
of periodic stocking or harvesting and the heartaAZs function, etc. naturally experience the impulsive
phenomena. Similarly in many other situations, the evolution processes have the impulsive behavior. For
example, the interruptions in cellular neural networks, the damperaAZs operation with percussive effects,
electromechanical systems subject to relaxation oscillations, dynamical systems having automatic regulations,
etc., have the impulsive phenomena. The existence, uniqueness and stability of mild solutions to functional
differential equations with impulsive conditions have been considered by many authors in literature (refer
[2,3,29,30]).

During the past decades, the fractional differential equations have been proven to be valuable tools in
the investigation of many phenomena in engineering and physics, they attracted many researchers (cf., e.g.,
[1,4,9,10,17,18,23,25,28]). Fractional derivatives introduce amazing instrument for the description of general
properties of different materials and processes. This is the primary advantage of fractional derivatives in
comparison with classical integer order models, in which such impacts are in fact ignored. The advantages
of fractional derivatives become apparent in modeling mechanical and electrical properties of real materi-
als, as well as in the description of properties of gases, liquids, rocks and in many other fields (see [1, 4]).
Since fractional order differential equations play important roles in modeling real world problems related
to biology, viscoelasticity, physics, chemistry, control theory, economics, signal and image processing phe-
nomenon, bioengineering, and so forth (for details, see [5-7,9-10]), it is investigated that fractional order
differential equations model real world problems more accurately than differential equations of integer or-
der. On the other hand, the autonomous and nonautonomous evolution equations and related topics were
studied in, e.g., [8,13-16,15,18,21,23,26,31-35|, and the nonlocal Cauchy problem was considered in, e.g.,
[4,7,11,17,19,20,22,24,33]. Besides from the aforesaid problems, recently by using fixed point theory, several
remarkable problems have been investigated in FDEs with various boundary conditions, for detail see [14]
and the references therein.

In this paper, we consider the following nonlocal Cauchy problem for nonautonomous fractional evolution
equations:

Lult) = —A)u(t) + F(t, (Kau)(t), (Kau)(t), ..., (Kou)(t),t € T =[0,T]
Ayli=t, I(y(ty ), t =tg, bk =1,2,...,m, (1.1)
u(0) = A7Y0)g(u) + uo;

(
where 0 < ¢< 1, T >0,9:C([; X) — X. The terms (K;u)(t),i =1,2,...,n are defined by

t
(a)(0) = [t s)uts)ds,
0
the positive functions k;(t, s) are continuous on D = {(t,s) € R?:0< s <t < T} and

t
K; = sup / ki(t,s)ds < oo.
0

te(0,t]

Throughout this work, we set I = [0,7]. We denote by X a Banach space, L([0,7]; X) := L(X) the
space of all linear and bounded operators on X, and C'(I, X) the space of all X-valued continuous functions
on [.

Let us assume that v € L(X) and A(t) is a family of bounded linear operators defined in a Banach space
X. The fractional order integral of the function u is understood here in the Riemann-Liouville sense, i.e.,

Tu(t) = F(lq) /0 (t — 5)7Lu(s)ds.
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In this paper, we denote that C' is a positive constant, and assume that a family of closed linear operators
{A(t) : t € [0,¢t]} satistying the followings:

(A1) The domain D(a) of {A(t) : t € [0,T]} is dense in the Banach space X, A(t) depends on ¢.

(A2) The operator [A(t) + A\] 7! exists in L(X) for any A with ReA < 0 and

I[A() + AN 7Y| < ,t €10,T], C is a real constant

A+ 1]
(A3) There exist constants v € (0,1] and C such that
[A(t:) = A(t)]AT ()]l < Cltr = t2|7; t,ta,5 € [0, 7).

Under condition (A2), each operator —A(s), s € [0, T], generates an analytic semi-group exp(—tA(s)),t >
0, and there exists a constant C such that

A" (s)exp(—tA(s))[| <

C
t?)

where n =0,1,¢t > 0,s € [0, 7], (vefer [13]).
We study the existence of mild solution of ([1.1)) and obtain the existence theorem based on the measures
of noncompactness. An example is given to show an application of the abstract results.

2. Preliminaries

Definition 2.1. The fractional order integral of the function h € L*([a,b], R) of order o € R is defined by

« _ K (t — 8)a_1
ITh(t) —/a Fih(s)ds

where I' is the Gamma function.

Definition 2.2. For a function h given on the interval [a,b], the ath Riemann-Liouville fractional order
derivative of h, is defined by

Dm0 = o () [ b

here n = [a] + 1 and [a] denotes the integer part of a.

Definition 2.3. For a function h given on the interval [a, b], the Caputo fractional order derivative of h, is
defined by

1

(DERO = e [ (=9 H ()i,

where n = [a] + 1 and [a] denotes the integer part of .
Lemma 2.4. Let o > 0, then the differential equation *D“h(t) = 0 has solutions
h(t) = co+ cit + cot® + - 4 e t" L,
where ¢; € R, i =0,1,2,--- ,n—1,n=[a] + 1.
Lemma 2.5. Let a > 0, then
I%(°DR)(t) = h(t) + co + c1t + cot® + -+ cp1t" 1,

for some ¢; € R,i=0,1,2,--- ,n—1,n=[a]+ 1.
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Lemma 2.6. (/28])
(1) 1% : L0, T) — L'[0,T);
(2) For g € L'[0,T), we have

Iy "t = )y — s)g(s)dsdy = B(q,) [ = 9rtgsyas
0 0 0

where B(q,7) is a Beta function.

Definition 2.7. Let B be a bounded set of semi-normed linear space Y. The Kuratowski’s measure of
noncompactness (for brevity, a-measure) of B is defined as

a(B) = inf{d > 0 : B has a finite cover by sets of diameter < d}.

From the definition we can get some properties of a-measure immediately, see (|5]).

Lemma 2.8. ([5/) Let A and B be bounded sets of X. Then

(1) a(A) < a(B), if AC B.

(2) a(A) = a(AY), where A% denotes the closure of A.

(3) a(A) =0 if and only if A is precompact.

(4) a(AA) = |A|a(A), X € R.

(5) a(AU B) = mar{a(A), a(B)}.

(6) a(A+ B) < a(A) + a(B), where A+ B={xz+y:x €A, y €< B}.
(7) a(A+ x0) = a(A), for any xo € X.

For H C C(I,X), we define
/OtH(S)dSZ{/(;tu(S)dS:UGH},

where H(s) ={u(s) e X :u e H}, fortel.
The following lemma will be needed:

Lemma 2.9. ([5/) If H C C(I,X) is a bounded, equicontinuous set, then
(1) a(H) = suprera(H(t)).
(2) a(fg H(s)ds) < fota(H(s))ds, fortel.

Lemma 2.10. (/12]) If {un}%, C LY(I,X) and there exists a m(.) € L*(I, RT) such that
[un(®)]| <m(t), ae tel,

then o({un(t)}22,) is integrable and

a({ /Ot un(s)ds}zo:1> < Q/Ota({un(s)}zol)ds.

We use the following Sadovskii’s fixed point theorem:

Definition 2.11. (|27]) Let P be a operator in Banach space X. If P is continuous and takes bounded sets
into bounded sets, and a(P(H)) < «(H) for every bounded set H of X with a(H) > 0, then P is said to be

a condensing operator on X.

Lemma 2.12. (Sadovskii’s fized point theorem [27]) Let P be a condensing operator on Banach space X . If
P(B) C B for a convez, closed and bounded set B of X, then P has a fized point in B.

According to [10], a mild solution of (1.1)) can be defined as follows:
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Definition 2.13. A function u € C(I, X) satisfying the equation
u(t) = AN0)g(u) +up+ /0 Bt — 0, )U () AO)[A~1(0)g(w) + oldn
4 /0 bt — ) £, (Kaw) (n), (Kaw)(n), ., (Kowts) (7))l

t o

4 / / Bt — n.n)(n, 8) £ (5, () (s), (Kau)(s), ..., (Knu)(s))dsd
0 0

+ > Ut tr) Ie(y(ty))

O<tp<t

is called a mild solution of (|1.1)), where

W(t,s) = q/ooo 0t ¢,(0)exp(—t10A(s))do

and &, is a probability density function defined on [0, 0o0) such that its Laplace transform is given by

o) 0 2\
/0 e 7" (0)do = jgo F((l—l—m)qj)’ g € (0,1],z > 0, T is a gamma function
and
ot,7) =3 nlt, 7).
k=1
where
e1(t,7) = [A(t) — A(T)|Y(t —7,7),
t
Or41(t, ) = or(t,s)e(s,T)ds, k=1,2,...,
and

t
U(t) = —A()A=1(0) — /O o1, ) A(s) A= (0)ds.

To our purpose the following conclusions will be needed:

Lemma 2.14. ([10]) The operator-valued functions ¥ (t—n,n) and A(t)y(t—mn,n) are continuous in uniform
topology in the variables t,n, where 0 <n <t —¢,0 <t <T, for any € > 0. Clearly,

[t —n,m)|l < C(t =)~ (2.1)

Moreover, we have
le(t,m| <Ot —n)". (2.2)

Remark 2.15. From the proof of Theorem 2.5 in [10], we can see (1) [|U(t)|| < C + Ct.
(2) Fort € I, fg ¥(t —n,n)U(n)dn is uniformly continuous in the norm of L(X) and

—

| /Otu}(t — 1)U ()| < C’thc] +7B(g,y+1)) = M), (2.3)
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3. Existence of solution

Assume that

(B1) f satisfies caratheédory property, i.e., f : IX X x X x---x X — X satisfies f(.,v1,v2,...,0,) : [ = X
is measurable for all v; € X, i = 1,2,...,n and f(¢,.,.,...,.) : X x X x -+ x X — X is continuous for
aetel.
Also, there exists a positive function pu(.) € LP(I, R*)(p > % > 1) and a continuous nondecreasing function
w: [0,00) — [0, 00) such that

n
1oy v, s )l < (3 i)y (k1,02 o) € % X X X o x X,
i=1

and set T) 4 :maX{qui,Tq}.
(B2) For any bounded sets D, Dy, Ds,...,D, C X,and 0 <7 <s<t<T,

a(g(D)) < B(t)a(D),
a(Y(t —s,8)f(s,D1,Da,...,Dy)

< Bty s)a(Dy) + Ba(t, s)a(D2) + -+ - + Bu(t, s)a(Dy,),
a(Y(t —s,8)p(s,7)f(1,D1,Da,...,Dy)

< Gty s,m)a(Dy) + C(t, s, 7)a(Da) + - - - + (u(t, s, 7)a(Dy,),

where () is a nonnegative function, and supicrf(t) := 5 < o0,

t
sup/ Bi(t,s)ds := B; < 00,i=1,2,...,n,
tel Jo

t s
sup/ / Gi(t,s,7)drds := (5 < o00,j=1,2,...,n.
0 Jo

tel

(B3) g: C(I; X) — X is continuous and there exists

—~—

0<a1<(C+M(T)™", az>0
such that
llg(w)]| < aq|ul| + as.

(B4) The functions p and w satisfy the following condition:

O+ CBlaAN Ty Y (30 K7 Yl o tim int A7) <1 = ay(0 4 (),
=1
where
p—1\%
p
Qpy = (pq —) 7 and T, = max{Tyq, Tpgir -

—_—

Theorem 3.1. Suppose that (B1) - (B4) are satisfied, and if (C+M(T))B+4(> "1, (Bi +2¢)K}F) < 1, then
(1.1) has a mild solution on [0,T].
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Proof. Define the operator F': C(I; X) — C(I; X) by
F(u)(t) = A (0)g(u) +uO+/ Wt —n,mU () A0)[A(0)g(w) + uoldn
[t o) o G0, ... () )

+ /0 /0 bt — 1 mp(n, 5) (s, (K (s), (Kaw)(s), .., (Ku)(s))dsdr

+ Y Ut to)In(y(ty)), t el

0<trp<t

Then we proceed in five steps.
Step 1. We show that F' is continuous.
Let u; be a sequence such that u; — w as i — oo. Since f satisfies (B1) we have

Ft, (Kyui)(t), (Koui)(t), ..., (Kyu)(t)) — f(t, (Kiu)(t), (Kou)(t),. .., (Kyu)(t)), as i — co. (3.1)
Then

1F (i) (8) = Fa)Ol < [[A7(0)l[lg(ui) — g UII+/ [t = n,mUm)[llg(ui) — g(w)lldn

/ ot — ) (1, () (1), (K)o, - (Bt} ()
— F oy Ky (), (o) (), ., (Bt) ()]
/ / ot — 1o, )1 (5, (i) (5), (Koyt)(s),s -, (Kot )(5))

s, (Kyu)(s), (Kau)(s), . .., (Knu)(s))][|dsdn
+M1mp||u_uz”oo

According to the condition (A2), (2.3), and continuity of g, we have
1A=L) ||lg(ui) — g(u)|| = 0, as i — oo;

/ ot = m U () llg(us) — g(w)lldn — 0, as i — oo,

Noting that u; — w in C(I, X)), there exists € > 0 such that ||u; — u|| < e for ¢ sufficiently large. Therefore,
we have

ILFCE (B (0), (Baui) (), ., () (8) = F(8, (Kru)(8), (Kaw)(2), .., (Knw) ()]
0 | (X M) @) +w (D 1K)
=1 =1

< p(t) [w(zn:K}‘(HUH +2)) +W(§:K;”“H>]'
j=1 7=

Using ([2.1)) and by means of the Lebesgue Dominated Convergence Theorem, we obtain

/ [t =0, m)[f (n, (Kywi) (n), (Kaui)(n), - - (Knui)(n))

= f(n, (Kyw)(n), (Kzu)(n), - .., (Knu)(n)][ldn

<C/ M L f (n, (Bvwa) (), (Kaua)(n), -, (Knui) (1))

= f(n, (Kyw)(n), (Kau)(n), - .., (Knu)(n)]lldn — 0, as i — oo
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Similarly, by and (| , we have
/ / ot — mympm, )1 (5. () (0), (Ko (0 ., (Ko (8))

, (K1u)(s), (Kau)(s), - .., (Knu)(s))]l|dsdn

1
<c? / = = 7 () 0. () 0, () 0)
— f(s, (Kqu)(s), (Kau)(s),..., (Kyu)(s))|dsdn — 0, as i — oo.
Therefore, we deduce that
lim ||F(u;) — F(u)]| = 0.

1—00

Step 2. We show that F' maps bounded sets of C'(I, X) into bounded sets in C'(I, X).
For any r > 0, we set B, = {u € C(I,X) : ||u]| < r}. Now, for u € B,, by (B1), we can see

(¢ (Kru)(8), (Bau)(®), .. (Kau) ()] < a(t) (ZK*) (3.1)

Based on l.i we denote that S(t f() n)U(n)dn, we have
1 —
1S5 AO)uo]| < c%q(; +B(g,y + 1)) |AO)uol| = M{D)|AO)uo]|

Then for any u € B,, by (A2), (2.1, (2.2), and Lemma we have

I(E) @O < |A7H0)g()] + lluoll + 1S E)g(u)]| + 1S () A(0)uoll
+/0 [ = n,m) f (0, (Kaw)(n), (Ku)(n), ..., (Knu)(n))lldn

t
4 / / (¢ — mm)p(n, )£ (s, (Kru)(s), (Kau)(s), ..., () (s)l|dsdn
0 0

< (C+ M) lg(w)|| + l[uoll + M(®)|AO)uol|

o[- n>q-1u<n>w(j§:le;r) dn
+C? /Ot /On(t — )T — s)v_lu(s)w(il(;‘r)dsdn
j=1

< ay(C + M) |Jull + aa(C + M(#)) + fuoll + M ()| A(0)uol|
+ M, [C/O (t—n)qlﬂ(n)dnJrCZB(q,v)/o (t—n)q”’lﬂ(n)dn]
+ Y Ut L(y(ty)), tel,

O<trp<t
where My = w(3_7_; Kir).

By means of the Holder inequality, we have

t _ pg—1
/0 (t =) uln)dn =t 7 Myglluller < TpoQpgllullze,

t
/0 (t = 0" () < Tpgpginlill o
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Thus

|(Fu)(®)l| < 01(C + M(T))r + as(C + M(D)) + lluol| + M(T) | AO)uol
+ MR T,[C + C*Blg, )]l + Mimpy = 7.

This means F(B,) C Bj.

Step 3. We show that there exists m € N such that F'(By,) C Bp,.

Suppose contrary that for every m € N, there exists u,, € B, for any m < r and t,, € I, such that
|(F'tp, ) (tm)|| > m. However, on the other hand

£t (B ) (), (Bt (1) () (8)]] < (1) (ZK*) (3.2)

we have
m < || () (t)]| < 02(C + M(T)) gl + a2(C + M(T)) + [lugl|

tm
WD) A©)uoll + 2 [C [ (=) a)n + Mympy

+C?B(q, 7)/0 (tm — n)q”_lﬂ(n)dn]
< a1(C + M(T)) | + a2(C + M(T)) + ||uo|
M(T)[|A(O)uo]| + M Qg T, ,[C + C*B(q,llpll v + Mimp:
<a1(C’+M( ))m+a2(C+M( )) + |Juol|
M)A uoll + My T3, [C + CBlg, )l + Mimpy.

Dividing both sides by m and taking the lower limit as m — oo, we obtain
C(1+ CB(q,7))T} g ZK e lim inf =22 4 Mimpy 21— aa(C + M(T));
7j=1
which contradicts (B4).

Step 4. We now prove that F' is equicontinuous. Denote

F(u)(t) = A7H(0)g(u) +up + /0 W (t —n,m)U (1) A0)[A™(0)g(u) + uoldn + G(u)(t) + Mympy,

G(u)(t)—/o Wt —n,m) f(n, (Kiw)(n), (Kau)(n), ..., (Ku)(n))dy
+/0 /Onw(t—n,n)w(n,s)f(s, (K1u)(s), (Kau)(s), ..., (Knu)(s))dsdn + Y U(t,te)Ie(y(ty ).

0<tp<t

We show that G(u)(.) is equicontinuous.
Let 0 <ty <t; < T and u € B,,. Then

[(Gu)(t1) — (Gu)(t2)|| < Iy + Iz + I3 + 14 + Is,



D.N.Chalishajar, D.S. Raja, K. Karthikeyan, P.Sundararajan, Results in Nonlinear Anal. 1 (2018), 133-142

where

to
|

I = [V (tr —n,m) — &t —n,m)]f (0, (Kyu)(n), (Ku)(n), .. ., (Knu)(n))ldn,

I, = 1 H¢(t1 -, n)f(nv (Klu)(n)7 (KQU)(n)v s (KnU)("?))Hdn,

= /0 Nab(ts = m.m) — (e — ), ) F (s, (Bru) (5), (Bqu)(5), ... (Kopuu)(5)) s,
n=|" /0 ot — mmp(n.5) (5. (Kyu)(s). (Kqu)(s). . ... () (s) | dsdl,
Is = Mimpllts — ta]

It follows from Lemma 2.8, (B1), and (3.2) that I3, I3 — 0, as to — ;.
For I, from (2.1)),(3.2), and (B1), we have

L= |t = nn)f, (K (), (Kaw) (), - ., (Ku)(n)) | dn

t2

t1
< C’Ml/ (t1 — )7 tu(n)dn — 0, as to — .
to
Similarly, by , , (B1) and Lemma ({2.6]), we have
t1 n
o= [ 1 = nmen s (K1), (o). (Ky)(s)dsr
to
1 Ui
< C2M1/ (t1 — n)q_l/ (n — 8)" " u(s)dsdn — 0, as ty — ;.
to 0

Step 5. We show that a(F(H)) < a(H) for every bounded set H C By,. For any ¢ > 0, we can take a
sequence {h,}52; C H such that

a(H) < 2a({h,}) + ¢,

(cf. |4]). So it follows from Lemmas (2) in Remark and (B2) that

o(F(H)) < Ca(g(H)) + M(T)a(g(H)) + 20(G{h,}) + &

< Ca(g(H))+ M(T)a(g(H))

+2supa({ /0 it =m0, (Kuh) (1), (Koh) (1), (o) (n))dn }

tel

+ { /Ot /Onw(t —n,me(n, 8)f(s, (Kihy)(s), (K2hy)(s), .- -, (Knhv)(s))dsan te
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< CBa(H) + M(T)Ba(H)
+asup /0 a({(t = 1,0 f (0, (Kiha) (), (Baho) (1) -, (Koh)(0) })dn

tel

s ([ atQute = nmpn 5116 (K1h) (60, (Koo )(5) o, () (5) i) + ¢

tel

SCﬂa(H)+mﬂa(H)+4sup</ (ZﬁztUK*> ({hy })dn)

tel
wsan ([ [ (fjgo:,ms)Kf)a({hmdsdn) ve
< CBa(H) + M(T)Ba ( ZBZKWSZC@K*) ({ho}) +

= [(C + M(T))B + 4( Z(,Bz + QCZ)K:)] a(H) +e.
i=1
Since ¢ is arbitrary, we can obtain

n
P

a(F(H)) < [(C+ MT)F+4( S5+ 26) K7 ) |a(H) < a(H),

=1

In summary, we have proven that F' has a fixed point 4 € B,,. Consequently, (1.1) has at least one mild

solution.
O

Our next result is based on the Banach’s fixed point theorem.
(G1) There exists a positive function I(.) € L'(I, RT) and a constant g > 0 such that

lg(w) = g(uH)| < pllu —w™],

and
1 (t w1, 09, - vn) — F(Ewy, wa, - wy)|| < I (Z o = wil), (v = wi) € X%i=1,2,....m.
(G2) There exists a constant 0 < 6 < 1 such that the function A : I — R™ defined by
A(t) = u(C + +C(ZK*) VI9(t +02<ZK*) (NI + Mympllu — u*|| <6, tel.
Theorem 3.2. Assume that (G1), (G2) are satisfied, then has a unique mild solution.

Proof. Let F be defined as in Theorem For any u,u* € C(I, X), we have

LGt () (8), (Kou) (D), ., (Ku)(8)) = (& (Kyu') (1), (Kau")(B) ..., (K ) (1))
1) (D (i) (@) — (Kau) (1))
=1

n
t) ) Kfllu—u|.
=1
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Thus, from (A2), (2.1), (2.2) and Lemma we have
[(Fu)(t) = (Fu™) ()|

t
< pCllu — ™| + M/O [t =n,m)Um)llv—uldn

+/ [ = n,m[11Lf (0, (EKaw)(n), (K2u)(n), -, (Knu)(n))
, (Ku®)(n), (Kau™) (), - - (Knu®)(n))||dn

/ / [ =n,m)(n, s)III]Lf (s, (Ku)(s), (Hu)(s)) = f(s, (Ku™)(s), (Hu")(s))||dsdn + Mimpu — u™||oo
< Jlu—w| (€ + M(T) +C<ZK*)/ — )7 Y1) dn

+02(ZH;KZ?"> /t/ (t—U)q_l(n—s)v_ll(s)dsdn}+M1mp||u—u*||oo

[ (C + M(T)) + c( Z K) VIU(t) + 02(2 K) (NI |l — u¥]| + Mympl|u — v oo

= A(®)|lu — "] + MlmpHu — oo

We get
[1F(u) = F(u)|| < 6fju —u™]].

By the Banach contraction mapping principle, F' has a unique fixed point, which is a mild solution of the
D) 0
4. Example

To illustrate the usefulness of our main result, we consider the following fractional differential equation:

2 n n t
a1, =009 2501, + 5 [t -l + & [ ugsts.g e 0.1

1 1
Ay|t:l - 11(7)775 € Jl = [07 1]7t 7& 57
u(t,0) = u(t,1)

/ / O:Esm ‘d:cdy, (4.1)

where 0 < ¢<1, 0<t<1, A>C+ M( ), n € N, b(t, ) is continuous function and is uniformly Holder
continuous in ¢, i.e., there exists C' > 0 and v € (0,1) such that

16(£1,€) = b(t2, )| < Cltr 2|, 0 <ty <2 < L.
Let X € L?([0,1], R) and define A(t) by

D(A(t)) = H*(0,1) N H3(0,1) = {H?(0,1) : 2(0) = 2(1) = 0},
— A(t)(2) = b(t,£)2".
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Then —A(s) generates an analytic semigroup exp(—tA(s)).
For t € [0,1],£ € [0, 1], we set

u(t)(§) = ul(t,£),

o lu
g(u) = sin | %]
|y
Ii(y) =
W =3y

//b OZESID‘ ’d:rdy,

Pt () 0, (K20 00 = & [ (6= sputs. s+ 2 [0, gy

where
(Fyu(t))(€) = /0 (t — s)u(s.€)
t
(Kopu(t))(€) = /0 (+5) (s, £)
and

t
1
Kf:sup/(t—s)ds<<oo,
ter Jo 2

t
1
K5 = sup/ et ds = = < oo,
tel Jo 4

1
111 (y1) — 1i(y2)] < §|l‘ -yl

Moreover, we can get

for any D C X. Then the above equation (4.1) can be written in the abstract form as (1.1)). On the other
hand,
t’rL
17t (Ku)(@), (Hu)@O©] - = —(1(Er)E O + [ (K2u)(# OI)

n

t
< (K flull + Kz ul)
= p(t)w(KT |Jull + Kslull),
where p(t) = t",w(z) = Z satisfying (B1). For any uy,us € X,

[t =5, 8)f (s, (K1u1)(s), (K2u1)(s))(§) — ©(t — s,5) f (s, (Kiuz)(s), (Kauz2)(s)) ()]l

< C 1 ) () () €) — (Kre) () (O] + | o) ()(€) — (Kaua) (5))(@)]).

Therefore, for any bounded sets Dy, Do C X, we have

(=5 alD1) + a(D)

a(p(t —s,s)f(s, D1, D2)) <
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Moreover,

t
Csm)/@—ﬂﬁ4¢®=(jprﬂB@m+i%=CB@n+Uﬁ=&=Bz
0 N tefo,1] n

Similarly, we obtain

02
a(¥(t —s,8)¢(s, 7) (1, D1, Da)) < ——(t — §)17H (s — 7)1 (a(D1) + a(D2)),
and
y—1_n 02
— sup —7)"7 t"drds < —B(q,7)B(q+v,n+1) == = G-
n tefo,1) n
Suppose further that
3 P15 1 C+M(1)
(1) 5, CO+OB@ (=) " Il 5 <1 =7,

(2) %(04—]\/4\(1/)) +3(81+2¢1) + % < 1.

Then (4.1) has a mild solution by Theorem
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