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Abstract

In this paper, we define a new class R%’l"s (L,M) of normalized harmonic functions in the unit disk
U ={z € C:| z| <1} which satisfy the following third-order differential inequality

L-1

Re (s'(z) +225"(2) + 82%5"(2) —( T

D >|u'(2) + Azu"(2) + 62°u"(2) |,

where, 1 26 >20,1<L<M <-1 and M #0. First of all, we prove one-to-one correspondence between
class Rf (L, M) of analytic functions and class 7'\’,2[’1’5 (L, M) of harmonic functions. Next, we prove that
every function f e 7273”1’5 (L,M) is closed-to-convex in open unit disk U. Furthermore, we investigate
various properties of the this class R%M (L,M), such as coefficient bounds, growth estimates, suffi-

cient coefficient condition. We establish that class Rg,x,a (L,M) 1s closed under convex combination
and convolution. We involve Gaussian hypergeometric function to discuss some applications of newly
defined class of harmonic functions and construct harmonic polynomials which belong to the consid-

ered class 72%’1’5 (L,M). We explore some new and known lemmas to prove our main results.
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1. Introduction and Definitions

Let H denote the class of functions of the form & =s+u which are harmonic in the open unit disk
U={zeC:|z|<1} and normalized by

£(0)=2£.(0)-1=0.

Every function & =s+u e H can be written in the series of the form:

0 0
E(z)=2z+ Zalzl + Zblzl,
1=2 1=1
where

s(z)=z+ Zalzl, and u(z) = Zblzl, (1.1)
I=2 =1

where s and u are analytic functions.
The harmonic function £ is locally univalent in U if and only if its Jacobian

@)

is non-zero in U, (see [1]) and harmonic function & is sense preserving in U if |s’(z)| > |u’(z)|, (see [2, 3)).
Let A denote the set of all analytic functions in U and normalized by

£0)=¢&'0)-1=0.

Let S be the subclass of A which contains set of all univalent functions. The starlike functions
(8%), convex functions (K), and close-to-convex functions (C) are the subclasses of class S and
these classes map unit disk U onto starlike, convex, and close-to-convex domains. The set of all
functions that are univalent, harmonic and sense-preserving in U are denoted S,, and also we can
write as:

J.(2) =] -

H={£eH:£(0)=0}and S ={¢ €S, :£.(0)=0}.

The harmonic starlike functions (82’*), harmonic convex functions (K%), and harmonic close-to-con-
vex functions (C%) are the subclasses of class S%.
Note that

Ac?—[andSchl,

and
S cS),KcKjand CcC;,.

If co-analytic part u(z) =0, then H° reduces to class of analytic functions A and Sft reduces to the
set of univalent functions S. Similarly if u(z) =0, then the well known subclasses S%’“,K% and C% of

harmonic functions reduces to subclasses S*, K and C of univalent function class S.
Ponnusamy et al. [3] defined a class of harmonic function & € #° and satisfies the following
condition

Re(£,(2))>1&;(2) 1,2z €U.
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Furthermore, Li and Ponnusamy [4, 5] discussed univalent criteria and convexity of the partial sums
for this class. Nagpal and Ravichandran [6] investigated a class of harmonic functions Wﬁ, which
satisfy the condition

Re(s'(z) + zs"(2)) > |u'(z) + 2u”(z)| ,zeU.
The class Wﬁ is harmonic analogue of the class W defined in [7] for £ € A and satisfy the condition
Re(&'(2)+2£"(2))>0,z€U.

In 2019, Ghosh and Vasudevarao [8] gave the generalizations of class W;; and introduced a new class
Wﬁ (6) of harmonic close-to-convex functions which satisfy the following condition

Re(s'(z) +6z5"(2)) > |u’(z) + 5zu"(z)| ,zeU.

They found some useful properties for this class such as, radius of convexity, coefficient bounds and
growth estimates. After that, Rajbala and Prajapat [9] gave the generalizations of Wﬁ (6) and defined

a new class Wﬁ (8,A) of harmonic functions & =s+u e H° which satisfy the second-order differential
inequality:

Re(s'(z) +0zs"(z) — 1) > |u'(z) +0zu"(2)

,020,05A<1,zeU.

For this class, they produced harmonic polynomials involving Gaussian hypergeometric function.
Very recently, Yasar and Yal¢in [10] defined the class 712(5 ,y) of harmonic functions which satisfy
the third-order differential inequality:

Re(s'(2) + 825"(2) + y2°s"(2)) > ‘u’(z) +0zu"(z)+yz*u"(z)|,6 >y > 0.

They investigated that any function & e 7?72(5,;/) 1s close-to-convex. Moreover, they constructed coeffi-
cient bounds, growth estimates, sufficient coefficient condition, and convolution properties. For more
study (see [11, 12, 6, 13]).

Motivated by the work of Yasar and Yal¢in [10], Rajbala and Prajapat [9], we define a new classes
of analytic and harmonic functions in U.

Definition 1.1: Let Rf (L, M) denote the class of functions & € A and satisfy the condition

Re(£'(2) + A2€'(2) + 62°E"(2)) >(L2]]41j 1.2)

where, 1 >262>0,1<L<M<-1and M #0.

Definition 1.2: Let R%’l"s (L, M), denote the class of functions & =s+u e H° which satisfy the following
third order differential inequality:

Re(s’(z) + Azs"(2) + 02%s"(2) — (%D > ‘u'(z) +Azu"(2) + 522u’”(z)‘ , (1.3)

where, 1 26 >20,1<L<M<-1and M =0.
Remark 1.3: The class Rf (L,M) c Rg’w (L,M).
Special cases:
1. 72,2’1’0 1,-1)= W;{) , studied by Nagpal and Ravichandran in [6].
2. RY*°(1,-1) = W) (a), defined by Ghosh and Vasudevarao in [8].
3. 7?,2[5’0 1-22,-1)= W}? (6,2), introduced by Rajbala and Prajapat in [9].
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Definition 1.4: Let a nonnegative real numbers sequence {q,}, is called convex null sequence, if t, — 0
as | - o, and

ty—t, 2t —t, 2t —t, > .2t —1>...>0.

Definition 1.5: Goodloe [14] defined the convolution (or Hardamard product) of a harmonic function
E=s+u as follows:

Srp=s*p+uxg,
where, ¢ is an analytic function.

Definition 1.6: [15]. The subordination of two analytic functions s, and s, can be written as:
5,(2) < 5,(2).
If there exists v e A, along with the condition
v(0) = O,and|v(z)| <1
for all z e U, such that
5,(2) = s, (v(2)).
Furthermore, if the s, is univalent in U, then we have

5,(2) < 8,(2) & {5,(0) = 5,(0) and s, (U) < s, (U)}.

Definition 1.7: The Gaussian hypergeometric function defined as:

O i (.
@b == 9

where, ¢,d,ec C, e#0,-1,-2,..., and Pochhammer symbol (c), defined as:

JF(c,d,e;2) = F(e,d,e;2) =Y
=0

(c), =clc+1)(c+2)..(c+I-1)
and
(c), =1.

If Re(e—c—d)>0, then F(c,d,e;z) is convergent in |z |<1. For z =1, we get well-known Gauss for-
mula given in [16] and defined as follows:

I'e)'(e—c—-d) <o

Fledel) = ore—a)

(1.5)

In this paper, we define a new class Ry*°(L, M) of functions & =s+u e H° which satisfy the third-
order differential inequality. In section 2, we construct some new and known lemmas, which will be
used to derive our main results. In section 3, first, we provide a one-to-one correspondence between

the classes Rf (L,M) and R%M (L,M) and then we obtain coefficient bounds, growth estimates, and
sufficient condition for the class R%l S (L,M). We also prove that this class is closed. In fourth section,

we involve the Gaussian hypergeometric function and construct harmonic polynomials which belong
to the considered class Rff"s (L,M).
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2. Lemmas

The following lemmas will be used to prove our main results.

Lemma 2.1: [2]. Let T, = s+ pu is close to convex, foreach u(lul=1), and|s'0)|<|u'(0)|. Then E =s+u
is close to convex in U. Where, s and u are analytic in U.

Lemma 2.2: ([17, 18]). Let ¢(z) be analytic in U with C, # 0 and defined by
#(z)=Cz2' +C, 2" +...
and let z, #0, 2, e U, such that

#(2)| = max [¢(2)|

‘Z‘S‘ZO‘
then, thereis ne R, n>1[>1, such that

Zo$'(2,) =

#(z,)

and

Re (1 + M] >n.
9'(2)

Lemma 2.3: If T e R (L,M) with A>8>0 and 1<L<M <-1, M #0. Then
Re(T'(2)) > 0,

hence, T 1is close-to-convex in U.

Proof. Let T € Rf (L,M) and

T'(2)+ A2T"(2) + 62°T"(2) (%) —9(2).

Hence, we can observe that Re(W¥(z))>0, for ze U.
Let for analytic function ¢ in U with the condition

$(0)=0
and
= LT 0(2)
T'(z)= 1 _z(z) ,0(2) #1.
Now we have to show that |¢(z)| <1,V zeU. For this we take
Y(2)=T'(2)+ 22T "(2) + 62*T "(2) - (Ej
2M

After some simple calculation, we have

p(o)= L@, 22201@) | o5 {qs"(z)(l ~§(2) + 20 )" } ) ( L- 1}
1-¢(z) (1-¢(2)) 1-¢(2)) oM
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and

W(z) = 1+¢(2) . 212¢'(2) s 25( 2¢'(2) Jz¢"(z) 45 (2¢'(2))* _[L —lj_
1-¢(2) (1-¢(2))? 1-¢(2))" ) ¢'(2) 1-¢(z)° \ 2M

Since ¢ is analytic in U and ¢(0) =0, if there is z, € U, such that

maxl|¢(2)|:|¢(zo)|:1.

|Z|S|ZO
Therefore, by using the Lemma 2.2, we have

¢(z,) = €”, and z,$'(z,) = np(z,) =ne”, (n>1,0<0 <2r)

Re [MJ >n—
¢'(2,)
For the point z, e U, we obtain

i0 i0 10 " iO\2
ReW(z,) = Re 1+e.6 N 2ﬂ,n¢9 - 25ng@ : 20(/:) (2,) N 45(ne€ )3 _(L_1j
1-e”  (1-¢€%) 1-¢€")\ ¢'(z) )] @-¢€) oM

—An sn Re[zoqs"(zo)j+ sn® _(L—l)

and

- 1-cos6 (1 -cosB) 9'(z,) (1 -cos0) 2M

_ —An on sn? L-1
= + 1-n)+ -
1-cos® (1-cosO) (1 —cos0) 2M

S_( (A-8)n +[L-1D<0'
(1 —-cosb) 2M

Which opposes our hypothesis. Hence, we have proved that there is no z, € U, such that
| ¢(Zo) [=1.

Therefore,
|¢(z)| <1l,vzel.
Therefore, we have

Re(T'(2)) > 0.

Lemma 2.4: [19]. If {t,}2, is a convex null sequence, then
N o
t(z)=—=+ Ztlz
2 I
1s analytic and
Re(t(2))>0,in U.

Lemma 2.5: [20]. Let p be the analytic function and satisfy the condition p(0)=1 and Re(p(z))>1/2

in U. Then, the function p*T takes values in the convex hull of the image of U under calT. Where, T
is an analytic function in U.
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2!

Lemma 2.6: Let T Rf(L,M), then
Re [Mj > l_
z 2

Proof. Let T e Rf (L,M), and T (2) =z + ZAzZla then

=2

- L-1
Re|1+ Y [1+(1-1)(A+5(-2)]A"" U
e[ +;[ +({U-DA+06(-2)]Az ] EZMJ (zel),
and it is equivalent to Re(p(z)) >1/2 in U, where

p(z)=1+ j il[l +(I-D(A+51-2)]4,2""

I S
L-1)\\
211-| =—— ||
(5]
Let us consider a sequence {¢,},-, given by
)
for 1> 2.

o Tt and b S T DG e -2

Hence the sequence {¢,},2, is convex null sequence. Now by using the Lemma 2.4, we have

» 2(-(55))

= [1+(-1)(A+5(-2))]

t(z)=

1s analytic and Re(t(z)) >% in U. Setting

TG i 2(1 _(gidlj] e

p(2)*|1 I
= [1+(1-1)(A+5(1-2))]

and by using the Lemma 2.5, we obtain

Re(T(Z)j>l,zeU.

z 2

Lemma 2.7: Let 7, eRf(L,M), for i=1,2, then T, *T, € Rf(L,M).
Proof. Let

T (2)=z+ ZAZZZ

=2

and

T,(2)=z+ ) Bz,
=2
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then Hardamard product of 7,(z) and 7,(z) are defined by

T@=(T,*+T)@) =2+ Y ABz.
=2

Since
T'(2) = T(z) Z() T(2) = 2T/ (2) * Z() AT"2)= 2T (2 >*T(z)
then we yield
T'(2)+ A2T"(2) + 62°T"(2) (LMlJ T2) + A2T(2) + 52°T," (2) - (L2M1j 70

L (L1 ) 1 [L-1 z @1)
2M 2M
Since T, € R} (L, M), then

TH2) + 22T (2) + 62°T"(2) - (L 1)
>0

2M
1 (L 1)
2M
Re{&}>l.
z 2

T'(2)+ 22T "(2) + 62*T "(2) - [L 1]
M
>0
1 (L - 1)
2M

T=T,%T,eT (L,M).

Re

By using the Lemma 2.6, we have

Using the Lemma 2.5 to (2.1), we get

Re

Thus

Lemma 2.8: [21]. Let ¢,d € C\{0}, e>0. Then

1. Fore,d>0,e>c+d+1,

S+ TONe—c=d-1 . . gy,

— (e),(1), I'le—c)I'(e—d)

1. Fore,d>0,e>c+d+2,

S 41y <c>l<d>l_r<e>r<e—c—d>( ©yd), ,  3cd 1}

= (e),(1), _F(e—c)F(e—d) (e—c—-d-2), (e—c—al—l)Jr
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1. Fore,d>0,e>c+d+3,

Sy <d>l=r<e>r<e—c—d>( @)y 60y | Ted 1}_

= (e),1), TI(e-c)'(e-d)\(e-c-d-3); (e—-c-d-2), (e—-c-d-1) "
iv. For ¢,d,e #1, with e >max{0,c+d —1},
Z (c),(d), _ 1 [F(e)l“(e—c—d-l—l) _(e_l)j'
5 (€),(1),; (e-1D(d-1){ T(e-c)l(e-d)

3. Main Results
In Theorem 3.1, we prove a one-to-one correspondence between the classes Rf (L,M) and 7?73’”l S (L, M).

Theorem 3.1: Let the harmonic function £ =s+u e 7?72”1’5 (L,M) if and only if T,=s+uue Rf (L,M)
for each u(lul=1).

Proof: Suppose { =s+u e 7?,2”1’5 (L,M), for each |u|=1, we have
Re{T ;(2) + 12T /(2) + 5227""(2)}
= Re{s'(z) + 125"(2) + 62%5"(2) + u(W'(2) + Azu"(z) + 62°u"(2))}
> Re{s'(z) + Azs"(z) + 82%s"(2)} — ‘u (2) + Lzu"(2) + 82°u "’(2)‘

> (%) (zel).

Thus, 7, € R} (L, M), for each u(|u|=1). Conversely, let T, = s+ uu € R} (L, M), then
Re{s'(z) + Azs"(z) + 622" (2)}

> Re(—u(u'(2) + Azu"(2) + 62°u"(2))) + ( i J (zel).

Choosing u(|ul=1), we obtain

L-1

Re {s’(z) +228"(2) + 62%s"(2) — [ oM

]} > ‘u'(z) +Azu'(2) + 52%u ’"(2)‘ (zel).

Hence & € R%M (L,M).
Theorem 3.2: The function T e Rg”l"s (L,M) is close-to-convex in U.

Proof: In the Lemma 2.3, we obtained that T,=s+tuue Rf (L, M) 1is close-to-convex in U, (Jul=1).

Now in light of Lemma 2.1 and Theorem 3.1, we can prove function 7 € Rff"s (L, M) close-to-convex
in U.
In Theorem 3.3, we investigate coefficient bounds for functions in Rgﬂ"s (L,M)

Theorem 3.3: Let E =s+ue th”l"s (L,M), then for 1>2,

1 (L 1)

TN+ Id-DA+81I-2)]
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1-— L-1
2M -
z.

M+ -1D)(A+5(1-2)]

The equality is hold for

S(@)=z+

Proof: Let £ =s+u e RY* (L, M). Now we use the series of u(z), we obtain

r L+ LA -1) + SUI - 1) - 2)] ||

< 2L I ‘u'(reie) + Areu"(re”) + sr2e*u"(re)|do
T

27
<i£Re{sr((rei9)+lreﬁ "(l"ele)-i‘érz 210 m(reze) (g&lj}de
1 2r © L 1
=— | Re{l Al,ﬂ,,5,9 do
Zﬂ,([e{ +ZZQ:( ) — [2M]}
1oLt
oM

A,A,8,0) =[1+ AL -1) + 811 - 1) - 2)]a,r' e 17,

Where

Taking r -1, we get the desired bound.
Theorem 3.4: Let E =s+ue 7?%’1’5 (L,M), then for 1> 2, we have

-5 )

MN+I@-DA+s1-2)

o(1-(%7)

ii. | ~[b || M+I-)A+81-2)]

(-(57)
i, |a,|<

TN+ I-DA+81I-2)]

i Joi[+[b] <

This result is sharp for the function

()

@)=z Z:,; +A-1)+6(-2)]

Proof: Suppose that E =s+u e th”l"s (L,M), then from Theorem 3.1, 7, =s+ uu e R/‘f (L,M) for each
u(lul=1). Thus, for each |u|=1, we have

" L 1
Re{(s+ pu) + Az(s + pw)" +8z*(s + pu) }>( 511 J
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for z e U and there exists an analytic function

p(z)=1+ Zplzl, and Re(p(z)>01in U,
1=2
such that

§'(2) + Azs"(2) + 622" (2) + u(u'(2) + Azu(2) + §2°u"(2)) = [1 (ng B p(2). (3.1)

Evaluating coefficients on both sides of (3.1), we have

L-1
1+ -1)(A+81-2)(a, + ub,) = [1 —(Wnpl_l, 1>2.

Since for |u|=1 and [ >1, we apply | p,|< 2, we get the proof of (i). Similarly we can prove (i) and (iii).
In the following result we find sufficient condition for a function belonging to class Rg”l S (L, M).

Theorem 3.5: Let £ =s+u e H® with

> L-1

DML+A-DA+3A-2)(|ay|+[b]) <1-] T, (3.2)

=2
then, & e 723,(_)[”1’5 (L,M).
Proof: Let € =s+u e H°. Then using (3.2),

' ” 2 .m L 1 L—]_
Re{s(2)+kzs(z)+62 (2) - ( MJ} Re{l—(ZM

L-1) ¢
>1- (2MJ 211+(z D +81-2)]|q|

j + izn +(I-1)(A+5(1- 2))]alzl_1}
=2

M+1-D(A+50-2)]|

EMS

MM+(I-1)(A+06(-2))]bz

MS

—
Il
89

= ‘u (2) + Lzu"(2) + 62°u "’(z)‘

Hence & e 7?%”1’5 (L,M).
Corollary 3.6: Let E =s+ueH’. If

DPB-1+A)(-D)(|a|+[b]) <2,
=2
of , A-1 :
then,éeRH(/'L, 5 ,1,— lj with 4 >1.

Example 3.7: By taking A=0.5 and 6§ =0.05, L =1, and M =-1 in Theorem 3.5, the harmonic poly-
nomials §(z2) =z + 0.15z and £(2)=2-0.0792° + 0.079z" belong to Ry*>*%(1,-1).
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Example 3.8: Let for A=3 and 6§ =1, L=1, and M =-1 in Theorem 3.5, the harmonic polynomials

E()=z2—22 + 2 and £ (2) = 2—0.0792° +0.0792" belong to R%* (1,-1).
’ 16 54 !

Theorem3.9:Let§=s+ﬁe7?,ft’l’5(L,M),12520,léL<M£—1 and M #0. Then
!
L-1)\ D"
1L S e ke
2M ) )= S +(A-38)" +(1 -1 +258)]

(L-1))& [
|§(Z)|S|Z|+2(1 (,‘ZM D;glhu—%)lz+(1—/1+25)l'

Result is sharp for the function
1_ L-1
2M -l
z

M+I-1)A+6(-2))]

S(@)=z+

Proof: Suppose that §=s+ﬁe722’1’5(L,M). Then by using Theorem 3.1, T, e’Rf(L,M) for each
p(lul=1), we have

Rew(z) > (Ej
oM

where,
Y(z) = T, (2) + 22T (2) + 62°T,(2).
Now by using the process of calculation of Rosihan et al. [22], we have

W(2) =T, (2) + (p(L+1) +M)2T(@) + pnz*T(2)

MY 1 ’
=nz " pz "T(2)+2"T, (z)}
(3.3)

’

1 11/ 1 !
_ T Lo e
=nz "| pz 2PT,(@) | |,

where,

= (A=8)—(L-8)*—45
5 ,

n+p=Ai1-6,pn=9¢,
Rep >0, Ren > 0.

Then integrating (3.3) gives

1+l_l 1 1 2 l—l
pz 7P [ZPT”'(Z)J =—J11” Y (v)dv.
Mo
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Making substitution v = 0"z and after some simplification, we get
1 ! 1 1
= 1 —1
[ZPT/;(Z)J ==2" [¥(0"2)do. (3.4)
p 0
Now, integrating (3.4) and making substitution 9 =v”z gets
z 1 11

1 1
2 TI(2) = ljsp J.‘I’(Q”S)dedv

l
2P

O ey

1
J. (0"*2)dOdv,
0

which simplifies to

11
T,(2) = [[W(0"vr2)dodv. (3.5)
00
Since
L-1
Re(‘Y(2)) > oM
then
[1 Z(lej]Z
Y(z) < .
1-z
Let
dodv
PE)=1+ ZZ; ¢! +nl)(1+ pl) -”1 0"z’
and

Q(2) =

[1 2(2M1j)2 2 L-1
— =1+§2[1——le.
Then from (3.5), we have
' . D zw _L-1)
‘7#(z)<(‘1’ Q)(z)= [1+ (1+nl)(1+pl)j (1+1212(1 2 sz

9 1_L—l
- 2M !

Z .
21: 1+(A=8)l+ 80

Since

IT,(2)|=]s'(2) + p'(2)

L-1\& ||
<1+2|1-
[ 2M jlzn(x L +31°
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and

I7,@)| =]s'2) + uu'(2)

L-1\& D'
>1+211-
= ( jlzn(z, 5+l

In particular, we have

|[s'(@)|+[w'(z)| <1+ 2(1 ]i 12|

=1+ (A-8)l+61%

o L-1)& (D'
ls'(2)| Iu(z)|21+2[1 2MJ§1+(,1—5)Z+512'

Let the radial segment I" from O to z, then

EREE

< [ (5@ +w (@) |de]

r
1+2[ ji |t|l dt
2M )& 1+ (A -8)l+51*

| |l+1

B L-1
_|Z|+2(1 2Mj;(z+1)[1+(/1—5ﬂ+512]

2| =

\2\

O'—.

L-1 E
= 2l1—
|Z|+( 2MjZ;SZS+(/1—36)l2+(1—/1+25)l’

and

)| [(|s')| - [w'(2)])|dz]

‘2‘ 11,10
L-1)& (D'
<I[l+2[1 2M];1+(A—5)l+512dtJ

0

:|z|+2(1— L_lJi D" fef
2M )5 61° + (A -38)1* +(1 -2 +28)

Hence complete the proof.

Remark 3.10: The results which have been derived in this section, yield the results of the classes
Ry’ (1,-1) and RV (1,-1) which are defined and studied in the following papers [8, 4, 5, 3].

Theorem 3.11: The class 7?,2”1’0 (L,M) is closed under convex combinations.

Proof: Let we have

& =s, +u, e RS (L, M)
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fori=1,2,...,1, and

!
Z‘L’i =1,(0<1; <1).
i=1

The convex combination for & can be written as:
l -
£(2) =D 1,5(2) = s(2) + u(2),
i=1
where
! !
s(z)= ZTiSi(Z) and u(z) = ZTiui (2).
i=1 i=1
where s and u are analytic in U with
s(0)=u(0)=s'0)-1=u'(0)=0

and

[
Re{s'(z) + Azs"(2) + 62°s"(2)} = Re {Zri (s/(2) + Azs/(z) + 5z23;"(z))}

=1

l
>
=1

> ‘u'(z) + Azu"(z) + 522u’"(2)‘.

u/(z) + Azu/(2) + 522u£"(2)‘

This shows that & Rf[w (L,M).
InTheorem 3.12, we use Lemma 2.7 and prove that the class R,Of 9 (L, M) is closed under convolutions.

Theorem 3.12: Let & € R,)° (L, M), for i =1,2. Then
& * &y € Ry (L, M).

Proof: Suppose &, =s, + u_L e Ry (L, M) (i=1,2). Then & (2) and &,(2) can be written as

E * &y =8, %8, + Uy *U,.

In order to prove that

& * & e Ry (L, M),
we have to prove that

T, =8 %8y + 1, *u,) € RS (L, M),

for each u(|ul=1). By Lemma 2.7, the class Rf (L, M) is closed under convolutions for each u(|ul=1),

s, + uy; € R) (L, M).
Then both 7, and 7, given by

7‘1 = (31 _u1) *(32 _.Uuz)
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and
7-2 = (81 +u1)*(32 + /Juz)a

and T;,7; € R} (L, M). We know that R. (L, M) is closed under convex combinations.
Then the function

T =T+ T =5, %8, + (e 1)

belongs to Rf (L,M). Hence 7?%’1’5 (L, M) 1s closed under convolution.
Theorem 3.13: Let & € RV (L, M) and ¢ € A be such that

RQ{M}>1’
z 2

for ze U. Then

Expe Ry (L,M).
Proof. Suppose & =s+ueR,*°(L,M). Then

T, =s+uueR)(L,M)

for each u(|ul=1). In order to show that

§x¢ e Ry (L, M),
we need to show that

G=sx¢+puu*p)eR;(L,M)

for each u(lul=1). Write G=T, * ¢, and

1(171) (g'(z) 1 22G"(2) + 82°G"(2) - (%D
oM
e (il) LT;(z) FAZTI(E) + 82°T(2) - [%D 4O,
oM
Since Re(MJ > l and
z 2

' " m L -1
Re[TH (2) + 22T /(=) + 5227'” (2)- (WD >0

in U. Using the Lemma 2.5, Hence G e Rf (L,M).
Corollary 3.14: Let £ Rg,x,a (L,M) and ¢ €, then E*¢ e Rg”l"s (L,M).

z

Proof. Suppose ¢ € K, then Re(@) >% for z e U. Theorem 3.13 concludes that & *¢ e Rf;w (L,M).
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4. Applications

In this section, we involve Gaussian hypergeometric function to discuss some applications of newly
defined class of harmonic functions and construct harmonic polynomials which belong to the consid-

ered class 7?72’1’5 (L,M).
Theorem 4.1: Suppose

& (z)=z+2zF(c,d,e;2),
&, (2)=z+2(F(c,d,e;2)-1),

and
&)=z +2[F(e.d,e;t)dt
0

where c is a positive real number and either ¢,d € (-1,0) with c¢d >0 or ¢,d € C\{0} with d = c.

1. If Re(c+d)+3<e and

20+ )+ (A+42465)— @ yre5)— DD s @)y }
(e-c—d-1) (e—c—-d-2), (e—c—-d-3), @)
Fle,d,e;1)<1- [ﬂj
2M
then, & € 7'\’,;_)[’1"S (L,M).
1. If Re(c+d)+3<e and
1ra+20)—T L (ar3e)— D@ 5 (©(d)y }
(e-c—d-1) (e—c—-d-2), (e—c—d-3), 4.2)
Fle,d,e:1)<2— (ﬂj
2M
then &, Rff"s (L,M).
um. Ife,d,e#1 and Re(c+d)+2<e
—( e_l)c(c_zdl)+1+2/l+(l+35) ) I1
C— - . e — B —
cd o @,  [[CTVET e 57 ) @9

(e-c—-d-1) (e—c—-d-2),
then &, R%’l"s (L,M).

Proof: (1) Suppose &,(z) =z +zF(c,d,e;z) =z + ZQLZZZ’ where
1=2

— (©);_5(d), 5 [>9

A (e), (-1
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In view of Theorem 3.5, to prove that & € 7?,2”1’5 (L,M), we need to show that

N L-1
l;zu +(I-D(A+5(1-2)|Qy,| < [1 - (WB

Now by the using Lemma 2.8 and Gauss formula (1.5) we have

o0

DU+ A-1)(A+501-2)]|Q,|

=2

S (€); 5(d), 4
H1+{-D(A+5(1-2)) | ==

=S+ s -2 S

_ (0),(d),
Z;(z + 21+ +1)(A+65D)] —(e)l(l)! ,

— = (C)l(d)l 141-6 o 1+1 (C)l(d)l
2 o, TATATOXD O

2 (C)z(d)l - 3 (C)l(d)l
A (A+1)"————+5> (I+1 ,
’ lz( Dot 2 g

8

cd

e—c—d-

=F(c,d,e;1)+(1+l—5)( 1JrljF(c,d,e;l)

%[ ©y(d), . 3cd
(e—c-d-2), (e-c-d-1)

+5( @)y 60y,  Ted
(e-c-d-3); (e—-c-d-2), e-c-d-1

+ 1} F(c,d,e;1)

+ 1} F(c,d,e;1).

Hence, condition (4.1) concludes that & € 049 (L, M).

(11) Suppose &,(2) =z+2(F(c,d,e;z)-1)=z+ ZQZ,IZZ’ where

=2

_@On@iy o,
(€)1 (-1

In view of Theorem 3.5, to prove that &, € 7?%’1’5 (L,M), we need to show that

N L-1
12211[1 +(I-1)(A+5(1-2))]|@y,| < [1 - (WD

Now by the using Lemma 2.8 and Gauss formula (1.5) we have

@,

iu(z D+ 60 -2))]|@y,|

S (C)l+l( )l+1 )« (C)l+1(d)l+l
=0 (€, (I + wnl )Z (), (D!

(C)l+1 (d)l+1 (c)l+1 (d)l+1
A+36 o ,
A+ );<e>l+1<l—1>!+ §<e>l+1<l—2>!
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=F(c,d,e;l)—1+(1+2),)ﬁ+F(c+1,d+1,e+1;1)
+(,1+35)(C)(2() )2 Ple+2.d+2.e+2:1)
€)s

(C)g(d)s F(c+3,d+3,e+3;1).

e),

Condition (4.2) concludes that &, € th”l"s (L,M).

(iil) Suppose &;(2) =z + zJ.F(c,d,e;t)dt =z+ ZQ&lzl, where
0 =2

— (©) 2(d), 5 122
(e),_,(I-1)!

In view of Theorem 3.5, to prove that &, € Rfl’w (L,M), we need to show

S
=2

Qs

2M

Now by the using Lemma 2.8 and Gauss formula (1.5) we have

S UL+ (D0 + 60~ 2)][Qy
1=2

i 1+(l—1)(l+5(l—2))]M

(€)1 -1
(@), (c),(d),
;):(e)l(l e Z (e), (D!

O, & (@),
+(“35);<e>l<1—1>' O -

- el p 1d-le—1:1)-
_(c—l)(d—l)[F(c 1,d-1,e—-1;1)-1]

. Cd .
+(1+21)F(c,d,e,1)+(/l+35)—(e_c_d_1)F(c,d,e,l)

+5MF(c,d,e;l).
(e—c—-d-2),

Condition (4.3) concludes that &; € th’ﬂ"s (L,M).

Conclusion

In this paper, we defined a new class Rg”l"s (L, M) of normalized harmonic functions in the open unit
disk U which is satisfying third-order differential inequality and investigated some new and know
lemmas to prove our main results for this class. Then Theorem 3.1 proved one-to-one correspon-

dence between the classes R (L, M) and R;;*°(L,M) and Theorem 3.2 proved that every function
fe 7?%’1’5 (L,M) is closed-to-convex in open unit disk U. Furthermore, we examined various proper-
ties of the this class Rfﬂ’a (L,M), such as coefficient bounds, growth estimates, sufficient coefficient
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condition. We established that class th”l"s (L, M) is closed under convex combination and convolution.

In Theorem 4.1, we involved Gaussian hypergeometric function and construct harmonic polynomials
which belong to the considered class th”l"s (L,M).
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