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Abstract

The fractional Fourier series method with the separation of variables technique has been applied to
solve the fractional Laplace type equation. We use the conformable fractional derivative to study the
fractional Laplace type equation and solve it using the conformable fractional Fourier series method
with separation of variables and tensor product technique in Banach spaces.
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1. Introduction

Fractional calculus is concerned with derivatives and integrals of any order [1]. Fractional calculus
has been used in practically every discipline of science and engineering over the last four decades.
There has been a lot of attention to fractional differential equations in recent years [6, 9]. One of the
most significant instruments in applied sciences is the Fourier series. The Fourier series, for example,
can be used to solve partial differential equations [5].

The purpose of this study is to apply conformable fractional Fourier series with separation of vari-
able for the fractional Laplace type equation. As an application, we use tensor product technique
of Banach spaces to find atomic solution for this equation [7, 8], since there are partial differential

Email addresses: kadri.ilhem@univ-oranl.dz (Ilhem Kadri)*

Received July 18, 2022; Accepted April 13, 2023; Online May 23, 2023



KadriI et al., Results in Nonlinear Anal. 6 (2023), 53-59. 54

equations which are not linear so separation of variables does not work. Or there are linear partial
differential equations where we can’t separate variables, so we need atomic solution in such cases.

The organization of the paper is as follows. In Section 2, the basic concepts of fractional calculus
and fractional Fourier series are introduced. In Section 3, we present the fractional Fourier series
solution of fractional Laplace type equation. Tensor product technique of Banach spaces are used in
Section 4. Finally, Section 5 is devoted to our conclusions.

2. Preliminaries

Let us give some needed definitions and theorems that we need in this paper.

Definition 2.1: [2] Given a function f :[0,0) > R, t >0 and o €(0,1). The conformable derivative of [
with respect to t of order o is defined by:

D” (f)(t) =1lim f(t + 8tlia) — f(t) .
e—0 &

If f is a-differentiable in some (0,a), @ >0, and lim D/ (f)(¢) exists, then D/ (f)(0) = lim D/ (f)(¢).
t—0" -0t

Definition 2.2: [10] Let X and Y be two Banach spaces and X* be the dual of X. Let x € X and yeY.
Then we define an operator T : X — Y such that:

T(x)=x (x)y,Vx e X .

Moreover, T is a bounded linear operator. We write x ® y for T, which is called an atom. Atoms are
among the main ingredient in the theory of tensor products. Atoms are used in theory of best approx-
imation in Banach spaces.

Lemma 2.1 [3] Let x; ® y, and x, ® y, be two non-zero atoms in X Y such that:
X ®y +x,®y, =x, @ y,.

Then either {x,,x,} or {y,,y,} are linearly dependent.

Definition 2.3: [4] A function f(t) is called a-periodical with period p if:

a

f()=g(@()) = g[cb(t) + p—}, for all t € 0,0).
(04

Definition 2.4: [4] Let f :[0,0) — R be a given piecewise continuous function which is a-periodic with
period p. Then the a-fractional Fourier series of f associated with the interval [0, p] is

S(H) = % ;{an cos(n%j +b, sin(n %H,
where
p
=—aj (t)COS(n—jﬂ n=0,1,2,3,.
p* £

which is called the cosine a-Fourier coefficients of f, and

b
=—a f(t)sm(n—jﬁ n=1,273,..
»° a )t

the sine a-Fourier coefficients of f.
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3. Fractional Fourier Series Method for Fractional Laplace Type Equation

Our main object in this section is to find a general solution of the fractional Laplace type equation
using fractional Fourier series method with separation of variables technique.
Consider the linear fractional Laplace type equation of the form:

D*U(x,y)+ D{D;U(x,y) + DY DU (x,5) =U(x,y), 0<a,B <1 D

with value conditions:

U(x,00=U(x,1)=0,

U@,y)=0,U;(1,y) = f(y), where f is given.

Let U(x,y) = P(x)Q(y). Substituting in equation (1), to get:

P> (x)Q(y) + P* ()@ () + P* (x)Q" () = P(x)Q(y). (2
Simplifying equation (2), we get:
[P* (x) - P(x)]Q(y) = —P* (x)[@" () + Q" ()] 3)

Since x and y are independent variables, then we obtain:

P*(x) - P(x) _ Q"N+ Q" (W] _

A,
P () QW) @
where A 1s a constant to be determined.
Consequently,
(*){Q“ W +Q ) +2Q =0, . (H){P“ (x) - AP“(x) - P(x) =0,
Q) =Q(1)=0. P(0)=0.

We start with problem (¥). Then the auxiliary equation is: 7”2 +r+A=0=>A=1-4A.
Now, there are three possibilities for 1.

(@) If A=0, then 4 =i. So, 1, =_71. Thus

WP

Q(y) = (cl %+C2Je2ﬂ. (5)

Using initial conditions @(0) = Q(1) =0, we obtain: @(y) = 0, which is the trivial solution of (¥).

Hence, there is no nontrivial solution when A = i

1441 —
() If A>0, then rm:l—Tl“.so

bl bl
Q) =ce P +ce’?, ©)
using initial conditions @(0) = (1) =0, we obtain that: @(y) = 0, which is the trivial solution of

. . . . 1
(*). Hence, there is no nontrivial solution when A < v
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1+ 4/ _
() If A<O,thenr, = I_LTM So
P 77
Q(y)=e *! | ¢ cos 4r-1y" + ¢, sin 4r-1 5" (7
2 B 2 P
using the initial conditions:
QO0)=0=c¢, =0.
2
Qu)=0=2,= 2L AL
Thus,
i
Q.(n=c ¥ sin(nry"). ®
Now, return back to problem (**):
Substitute A, in problem (**), we get:
2
Py - BB L peay - P =0, ©)
VA
the auxiliary equation is: 7* — 4 r-1=0=A= 1% +4>0. So, No= it 2\/7 .
Hence, the solution 1is:
P(x)= cler17 + czer27, (10)
for some constants c,c,.
Using conditions implies that: P(0) =0 = ¢, = —c,. Thus
Px)=c(e' @ —e? ). 1D
Hence,
P (x)= cn(er17 - er27). (12)
Now, the general solution of the equation (1), is:
0o x& x* _ﬁ
Ux,y) =D c,(e' « —e” = )e * sin(nzy”). (13)
n=1
Using non-homogeneous condition U} (1,y) = f(y), we obtain:
4 2 o’
(14)

f(y)= zcn (7“16; - rze;)eiﬁ sin(nzy”?).
n=1
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Using the B-fractional Fourier series of f(y), we find that:
S
<f(y),e * sin(mzy’) >
P
e 2 sin(mry?)

m 27 (]_ 5)
gl )

(rleg - r2e;)

where
i P
<f(.e * sin(mry’)>= [f(y)e ** sin(mry")d"y, (16)
and
S L
e 2 sin(mny”) :Ie P sin®(mry”)d’y. (17
So, we get the general solution of the given problem:
o x* x% _ﬁ
U(x,y)= Z:cm(e1 « —e?a)e 2P sin(mry”). (18)
m=1

4. Applications

There are partial differential equations which are not linear so separation of variables does not work.
Or there are linear partial differential equations where we can’t separate variables, so we need atomic
solution in such cases. Our main object in this section is to find an atomic solution of the fractional
Laplace type equation given in section 3. Hence, we try to find an atomic solution of this equation,
which is mean a solution of the form U(x,y) = P(x)Q(y).

Let U(x,y) = P(x)Q(y), substituting in equation (1), to get:

P* (x)Q(y) + P* (x)[Q@* () + Q" ()] = P(x)Q(). (19)
This can be written in tensor product form as:
P (x) ® Q(y) + P*(x) ®[Q* (y) + Q° ()] = P(x) ® Q(y). (20)

Since we have sum of two atoms is an atom, so we have two cases to consider:

Case (i): P (x) = P*(x).
Case (ii): Q(») =@ () + Q" (»).

Solution of case (i):

r=0
P (x)=P*(x)=>r’-r=0=r(r-1)=0={or
r=1.

So;

xa

P(x)=c, +ce, 21)
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using initial condition P(0) =0 = ¢, = —¢,. Thus
Px)=c(1-e< ). (22)
Now, replace P(x) in equation (18), to get:
R () +Q’(y) =0. (23)
So, the solution is:
ﬁ
Q(y)=c, +ce P . (24)
Using initial condition @(0) =0= ¢, = —c¢,. Thus
-
Q) =cd-e’ ). (25)
Therefore, we get the atomic solution of (18) as:
o
Ux,5) = P@QG) =(1-e )(1-e " ). (26
Solution of case (ii):
2B B _ 2 _ _ _ -1+ J5
RTM+RQ"()-Q()=0=r"+r-1=0=>A=5>0.So, 1, = 5 . Hence,
A
Qy)=ce' P +cpe’?, @27
using condition @(0) =0, we get:
PP
QW =c (' P —" 7). 28)
Now, for @(1) =0 gives ¢, =0. Thus
Q(y) =0.
So, the second case gives a trivial solution.
uly]
500
— a=3=0.50
—_— a=ﬁ=D_E-EI
{I=E=U.?U
a=3=0.80

a=F="1 (Exact solution)

Figure 1: The exact and approximate solutions of u(x,y) for equation (18), when o = 8 with x = 3.
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ulxy]
400

[ — &‘I=D_5[], ﬁ:ﬁ?
300

I — C[:D_E-D, ﬂ:ﬁ?
— CE=D_TD, ﬁ:??
— a=0.80, ﬁ=3?

— a=p=1 (Exact solution)

0.5 1. 1.5 2

Figure 2: The exact and approximate solutions of u(x,y) for equation (18), when we take different
values of fractional order o and f with x = 3.

5. Conclusion

The results presented in the preceding sections demonstrate that the separation variables using frac-
tional Fourier series methodology addresses various challenging problems that cannot be solved using
traditional methods. We conclude that the conformable fractional Fourier series method is one of very
efficient and powerful techniques for finding the solutions of the fractional differential equations.
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