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Abstract

The main purpose of the proposed paper is to study the tangent bundle of a SSNMC on statistical
manifolds and its submanifolds. We investigate the relationship between the complete lifts of a statis-
tical connection and SSNMC in statistical manifolds and its submanifolds and proposed and proved
some theorems on it. We also proposed and proved some theorems regarding curvature tensor, Gauss,
Codazzi and Ricci equations with respect to statistical connection and SSNMC to its tangent bundle.
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1. Introduction

Friedmann and Schouten proposed the concept of a semi-symmetric connection on a differentiable man-
ifold [1]. If a linear connection meets the expression 7'(X,,Y,) =n,(Y,)X, —1n,(X,)Y, and is not torsion
free, it is referred to as a semi-symmetric connection. The semi-symmetric metric connection (SSMC)
1s one that satisfies the semi-symmetric condition and is known to exist if g =0, else it is non-metric.
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Later, Hayden and Yano refined this idea and attained a number of significant Riemannian manifold
results ([2], [3]). Agashe and Chafle introduced the notion of SSNMC in 1992 [4] and based on their
studied many researchers further developed by studying Riemannian manifold and its submanifolds
and conducted numerous more studies to further expand this idea ([5]—[10]).

S. Amari’s study of statistical inference problems in information geometry was the first to establish
the concept of statistical structure in 1985 [11]. Every point on a differentiable manifold known as a
statistical manifold reflects a probability distribution. A statistical manifold with infinite dimensions
can be found in the collection of all probability measurements. Amari [11] proposed a new geometric
method for the statistical model of discrete probability distribution. Information geometry applications
for statistical manifolds include time series, convex analysis, linear and nonlinear systems, neural
networks, linear programming, totally integrable dynamic systems, partial differential equations and
geometric modelling [12]. An extension of a Riemannian structure with a Riemannian metric and its
Levi-Civita connection is what the statistical manifold can be seen as. As a generalisation of Kdhler
structure, Kurose [13] established the concept of holomorphic statistical structure, while H. Furuhata
investigated the concepts of Sasakian and Kenmotsu statistical structure, respectively ([14], [15]) and
Bagher et al. [16] discovered certain statistical manifold curvature features. Recently Yildirim stud-
ied the semi-symmetric non-metric connection on statistical manifold [17].

Numerous geometers have explored the tangent bundle of differential geometry, including Yano
and Kobayashi [18], Yano and Ishihara [19], Tani [20], Pandey and Chaturvedi [21]. The vertical,
complete, and horizontal lifts of tensors as well as the connection from the manifold to its tangent
bundle were developed by Yano and Ishihara [19]. On an almost Hermitian manifold, Kahler mani-
fold, Kenmotsu manifold, Sasakian manifold, Riemannian manifold,and submanifold of Riemannian
manifold, Khan studied tangent bundle immersed with Quarter-Symmetric, semi-symmetric non-met-
ric, and semi-symmetric P- connections ([22]—[27). The tangent bundle of P-Sasakian manifolds with
quarter symmetric metric connection (QSMC) was recently studied by Khan et al. [28].

We start this paper with introduction section and section 2 is devoted to preliminaries. In section
3 we obtain the lifts of the statistical manifolds to its tangent bundle . Section 4 and 5 relate with the
investigation of the geometry of the lifts of SSNMC of statistical manifolds and the curvature tensor
to its tangent bundle and some proposed theorems are also proved. In section 6 we investigate the
lifts of the statistical submanifolds and we also prove that the complete lift of the induced connection
on a submanifold is also a SSNMC in its tangent bundle and we also derive Gauss and Weingarten
formulae that admit a SSNMC in the tangent bundle. Lastly the lift of the Gauss, Codazzi, and Ricci
equations with respect to a statistical connection and SSNMC in the tangent bundle are obtained in
the final section.

2. Preliminaries

Let M be a differentiable manifold and T,M = UpeMTopM be the tangent bundle, where T, M is

the tangent space at point pe M and 7 : TyM — M is the natural bundle structure of T,M over M.
For any coordinate system (Q,x") in M, where (x") is local coordinate system in the neighborhood
Q, then (77(Q),x",y") is coordinate system in T,M , where (x",y™) is induced coordinate system in
7 (Q) from (x") [19].

2.1 Vertical and complete lifts

Let f, be a function, X, a vector field, w, a 1-form, a tensor field F, of type (1,1) and V, an affine con-
nection in M. The vertical and complete lifts of a function f, a vector field X, a 1-form o,, a tensor
field F, of type (1,1) and V, an affine connection are given by fy,X;, 0, F;,Vy and f7,X;, 05, Fy ,V
respectively. The following formulas of complete and vertical lifts are defined by [19]
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(FoXo)" =17 Xg, (feX0)" =13 Xo + 1o Xqs 2.1)

Xofy =0, Xofy = Xofy = (X)), Xofy =(Xoh)"s (2.2)
ay(fy) =0, 05(X7) = 05(X7) = 0,(X,)", 05(X5) = 0,(X,)", (2.3)
F'X.=(F,X,), F{X,=(F,X,), (2.4)

[Xo, Yo" =[X0, Yy 1= (X0, Y51, [ X, Y] =X, Y51, (2.5)
VTS = (Vg YO VN = (Vg ) (2.6)

2.2 Statistical manifolds

In an n-dimensional Riemannian manifold (M", g,) with Riemannian metric g,, we consider V be its
affine connection and let V be the Levi-Civita connection. The structure (M,V, 8,) 1s said to be a sta-
tistical manifold if V is an affine and torsion-free connection and vgo satisfied the Codazzi equation

(Vx, 80)(Y. Zy) = (Vy, 80)(Xy, Zy), (2.7)

for all X,,Y,,Z, € x,(M), where y,(M) is the set of all tangent vector fields on M. We know that there
exists an affine connection V" which is the dual of V with respect to 8, such that

Xo80(Yy,Zy) = 8, (V- Zo) + 8, (Yo, Vi Zy). (2.8)
Also the pair of connections V and V" satisfies (V')" =V, one can obtain
V= %(v ). 2.9)
The tensor field K of type (1,2) on (Mﬁ,go) is defined by
Ry Y, =¥y Y, -V, Yy, Ky Y, = %(VXOYO VY, (2.10)
and K is symmetric which gives
go(KXOYo’Zo) = go(KXOZo’Yo)a KXOYO = KYOXO' (2.11)
The statistical curvature tensor field with respect to V is defined as
R(XO’YO)ZO = VXOvYOZO - VYOvXOZO - v[XO,YO]Zo- (2.12)

By replacing V with V*, we can obtain the statistical curvature tensor field R”. The curvature tensor
fields R and R" satisfy

R(X,,Y))Z,=-R(Y,,X,)Z,, R (X,,Y,)Z,=-R (Y,,X,)Z,, (2.13)

8y(R(X,,Y)Zy,W,) = —g,(R"(X,,Y)W,,Z,),

R(X,,Y,)Z, + R(Y,,Z)X, + R(Z,,X,)Y, = 0. (2.14)
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In a statistical manifolds M let N be its submanifold with g, which is an induced metric. Also V®
and A“ are the induced connection and the second form on N respectively. Then the Gauss and
Weingarten formulas for the Levi-Civita connection are

Vi, Yo = Vi Y, +h (X0, Y Vx,Q =~Agq X, + Dy Qo (2.15)

for all X,,Y, € x,(N) and @, € x,(N") in which AJ is the shape operator and D; is the normal con-
nection on N*. According to the statistical connections on V and V", the Gauss and Weingarten are
given by [29]

vXOYO = VXOYO +h(X,,Yy), vXOQO = _AOQOXO + DOXOQO’ (2.16)

Vi Yo =V Yo +h'(X0,p), Vi @ =-Agq X, + Dy @, (2.17)

for all X,Y, € x,(N) and @, € y,(N 1) in which V,V" are statistical and dual connections on N [30].
A, and A, denotes the shape operators D, and D, are the normal connections on N* and h,h" are
second fundamental forms on N respectively. From 2.16 and 2.17 we get

go(AoQOXQaYQ) = go(h(X()?Yo),Qo)? go(A(;QOX07Y0) = go(h*(Xo’Yo)aQo)' (218)

If the second fundamental forms vanish then N is regarded to be as totally geodesic submanifold with
respect to V and V'. Furthermore, if

nX,,Y,) =H,g,(X,,Y,), h (X,,Y,)=H,g,(X,,Y,), (2.19)

then the submanifold is called totally umbilical submanifold, where H,, and H, are the mean curva-
ture vectors admitting V and V'.

3. Statistical manifolds in the tangent bundle

Let us denote TyM to be the tangent bundle of a statistical manifold M . Taking complete lifts on
equations (2.7-2.19), we obtain

(V' 80T 25) = (¥, 850X, ), 61
Xig0(Ys . Zg) = g5(V Y5, Z5) + 85 (Ys V. Z5), (3.2)
0 0
~c 1 .. *e

\% ZE(V +V9), (3.3)

¢ Ve _ \c c o ¢ e ve Lo c e c
K5 Y5 = V5 Y5 =V, ¥, K5 = 0 (V55 V5 (3.4)
go(KX(c]Yo ' Zg) = go(szzo’Yo ) KX5Y0 = KY5X07 (3.5)
R(X3,Y))Z; = VX(‘;VYSZO _VYgVX(‘;ZO _V[XS’YS]’ (3.6)

RE(XS,Y9)Z = ~Re (Y X925, R(X.Y9)Z = -R (Y, X)) Z, (3.7)



Kumar R et al., Results in Nonlinear Anal. 6 (2023), 50-65. 54

g0 (R (X5, Y5) 25, Wy ) = g (R (X5, Y5 Wy, Zg), (3.8)
RE(XE,YO)ZE + RE(YE, Z)XE + RE(ZE, XE)YE =0, (3.9)

v Y5 = v@XgY(f + A (XE, YY), %;SQg —A;;Xc + DO“;CQO, (3.10)
V;ﬁ Y = V;S YE +he(XE, YY), V;S Q= -Ag%xg + D;Xs Q, (3.11)
vxgyc v YC +h(XG, Y5, Vi QO —AOQCXC - DOXcQO, (3.12)
gé(AgQgXé,Yo“) = 8,(h" (X5, Y5), &), (3.13)
go(AOQCXS,YC) g5(h (X5, Y5), Q) (3.14)
he(X5,Ys) = Hego(X5,Yy), h'(X5,Yy) = H g5 (X5,Yy). (3.15)

4. SSNMC of a statistical manifolds in the tangent bundle
In a statistical manifold (M,V, 8,), the linear connection V on M is given by [17]
6XOYO = vXOYO +1y(Y5) X, - KXOYO’ (4.1)
where 1, is a 1-form associated with vector field &,
1n0(Xo) = 80(Xy,0), (4.2)
for all X, € ZO(M)- By using (2.10) in (4.1), we get
6XOYO = v;OYO +1y(Yp) X, + KXOYo- (4.3)
The torsion tensor 7' with respect to V is given by
T(X,Yy) =V Y, +0,(Y)X, — Ky Yy +Vy Y, +1,(Y) X, + Ky ¥, ~[X,,Y,] s
=1,(Yp) Xy —19(X()Y,.

A linear connection satisfying (4.4) is called SSMC. For any vector fields X,,Y,,Z, on M, we have
(6X0g0)(Yan0) = Xogo(Yo’Zo) - g0(6X0Y07Z0) - gO(YO’ﬁx()ZO)' (45)
Using (2.8),(2.11) and (4.1), we get
(Vi 80V, Zo) = 80V Yo, Z) + 80(Yy, ¥ Zo) + 80 (Yo, V . Zy 2Ky Z,)
_go(vXOYo +10(¥5) X, - KXOYO’ZO) - gO(YO’vXOZO +10(Zo) X,
Ky Z,)
=—110(Y0)80 (X0, Z0) =116(Zy) 8 (X, ).

(4.6)
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So, ?g # 0. Hence a linear connection V defined by (4.1) satisfies (4.4) and (4.6) is called SSNMC. Let
(M",V,g,) be an n-dimensional statistical manifold and let TM, be its tangent bundle. Taking com-
plete lifts of (4.1-4.6) we get

6;8 Y¢ = v;a Y +ni(YOX +ni(YE)XE - K;S Y¢, (4.7)
1n6(X5) = g°(X5,&0), (4.8)

6;8 Y= v;cé Y +ns(YO)XE +nl (YHXE + K;S Yy, (4.9)
T¢(XE,YE) =ns(YOX +ni(YHXE —ni(XOYE —nl(X)YE, (4.10)

(?;Sgc)(YOC,ZS) = Xo8°(Yy, Zg) + X,8°(Yy . Z5) i
~8 (Vi Y0 Z5) ~ 8" (Y5 Vi, Zp), ’
(6;8gc)(Yoc,Z§) =-n,(Yy)g(Xy,Zy) -1y (Yy) 8" (Xy, Zg)
—10(Z)8° (X4,Yy) —no(Z5) 8" (X5, Y5).
Equation (4.7) is said to be a SSNMC if the torsion tensor T°¢ of TM,, with respect to V° satisfies (4.10)

and the Riemannian metric g; holds the relation (4.12). From now on, we will denote the statistical
manifold (M,v,go) in the tangent bundle TM, as MY,

(4.12)

Theorem 4.1: Let M" be a statistical manifold admitting a SSNMC in the tangent bundle TM,
which satisfies (4.10) and (4.12), then the SSNMC of the statistical manifold in the tangent bundle is
given by (4.7) and satisfies (4.9).

Proof. Let V¢ be the complete lifts of a linear connection defined on M by
V;SY(;’ = v;SYOC + g (X;,Yy), (4.13)

where V¢ is the complete lift of the statistical connection and Wy is complete lift of a tensor field of
type (0,2) defined on M and we have V¢ satisfies (4.10) and (4.12) and from (4.12) and (4.13), we have

V)85 (X5, 2) ~ (V)85 (X6, Z6) ~ 2885 (X0 V)~ (25 (X6 )
= (V°, g5)(Y5 . Z)
0
= X85 (Y5 ) + Xis V5 29) - &5V, Y5 25) — £ 5. V' Z5) w1
= X85 (Y5 Z5)+ Xy (Y5 Z5) = 85V, Y5 + 0§ (5.9, )
0

—gS(YOC,V;CZg + oy (X5, Z5))-
0
Then by considering (3.2), we have

10 (¥5) 80 (X5, 25) =110 (Y5)86(X5,Zg) = (Z5) 85 ( X5, Yy ) =10 (Z5)86(X, Yy)
= go (V% Y5, Z0) + g (Y Ve Z0) - gV X, Z5)
0 0 0

—g Wy (X5,Y9), 25) - 85(Ys ¥ Z6) - g5 (Vg , Wi (X, Z5) (4.15)
0

=-2g0(Ys , K: Z5) — 86 Wy (X5,Y5), Z5) - g6 (Y5, Wy (X5, Z5))-
0
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Using (3.4) in (4.15), we have
oWy (X5, Y5), Zg) + 80 (Y , Wi (X5, Z5)) =16 (Y5 ) 80(Xs, Z5)
+10(Y5)80(X5,Zg) +10(Z5)80(X5,Yy) (4.16)
3(Z8)85(X5. Yg) - 285 (Y5 K Z5).
0
Beside that from (4.13), we have
Te(X5,Y9) = W (X3, Y5) - W (Y8, X5), 4.17)
From (4.16) and (4.17), we have
g6 (T (X5, Y5)Z5) + 8o (T (Z5, X)Yy) + 6 (T (Z5,Y5) X5)
= 28,(Wy (X0, ¥0), Zo) — 2n0(Z) 8 (X, Y5 ) (4.18)
—2n4(Z5)80(X5,Ys) +28,(Y5, K o Zg)-
0
Also using (4.10) and the inner product properties, we obtain

g6 (T (X5, Y5 Z5) + 86 (T° (Zs, X5) Yy ) + g5 (T(Z5, Y5 ) X5)
=2n0(Y7)80(Xy,Zg) + 200 (Yy) 86(X5, Z5) (4.19)
—2n(Z5)8:(X,, Yy ) —2n(Z5) 8, (X4, Yy,

in which gS(Tc(XS,YOC),Zg) = TC(XS,YOC,ZS). Then by equation (4.18) and (4.19), we get the result

Wi (X5,Y5) = n5 (Y Xg +n5 (V) X5 - K Y5 (4.20)
0
Further, if we consider (3.4) and (4.13), we can obtain (4.14).

5. Curvature tensor of statistical manifolds in the tangent bundle

Let us denote the curvature tensor associate_d with the SSNMC V by R. Similar to the definition of
curvature tensor of a Riemannian manifold M according to the Riemannian connection V, the curva-
ture tensor of M is defined according to SSNMC V by

R(X,.Y,)Z, = 6){061/0Z0 - 6YO§XOZO - 6[XO,YO]ZO’ (5.1)
for all X,Y,,Z, XO(M)- Taking the complete lifts of (5.1), we get
R (X;,Y))Z; = VXSVYSZO - VYSVXSZO _V[XSvYS]ZO. (5.2)

Now, we obtain the relations be_t_:vv(?_en the complete lifts of the curvature tensor of R°, B¢ and R, R™
with the statistical connection V¢,V"°.

Theorem 5.1: In a statistical manifold MY . The complete lifts of the curvature tensor R of a SSNMC
V¢ in the tangent bundle TM, satisfies the conditions.

R°(X,Y$)ZE = R(XE,YE)ZE - (v;g Ky, Z5) + (v;g K\ X§,Z5) + K;S Ke(Y;,Z5)
K K*(X5,25) - g5 (n5(X0)eg +no(Xg)es =V & + K &5, Z5)Yy (5.3)
0 0 0
+8o 6 (Y& +m5(Y)ss — Vo &6 + K &, Z5) X,
0 0

and
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RE(X5,Y5)Z5 = R (X5, Y) Zg + (V KOG, Z5)
0
(V1 RON(XG, Z9) + K Ke(V5,2) ~ Re KE(X5,25) - g5y (XDE + i (XDE (5.4
0 0 0
V& + K &5, Z0)Ys + 8 (V)& +ni (Y)es -V &5 + KE &5, Z6) X
0 0 0 0
Proof. Using (3.2), (3.4), (3.6), (4.7) and (4.9), we will obtain the result.
Proposition 5.1: In a statistical manifold M. The following relation hold: [label=()]
() ~g5(V°, &) + go(KE, 0. W5) = —go (7. &6, W) + gy (RE &6, W)
0 0 0 0
i) g6((Vs KNXG,Z5), W) — 85(V' Ky, Z5), W)
0 0
= g5 (Vo KONXG, Wy), Z5) - 85 (Ve KOG, WE), Z5)
0 0
i) (K Ky 25, W) = g5 Ky K W 25)
Proof. Using (3.4), we get (). For (i1), we use (3.5) and prove that
g Ks, | Z0W) - si(K;, 25 W9) = gy (Ke o 25 W)
% Xy
:gO(K[Y&XS]VVO’ZO) (55)
= go(Kv;chgm) aZo) _gO(Kﬁ;cCYSVVO ’Zo)'
0 0
Now, using (3.2) and (3.5), we get
88V KNG, 25),W5) = 85V K 25, W) — 5K V1. 25, W) —g()(KWY&XSZO,WO )
= Yy gg (W K¢, Z9) + Yo gy W K, 26) - gy (RS, 25,57 W)
0 0 0 0
R LSAUR VAT (Kvygxs Z5, W)
= Y50 K 20) + Y3 85O0 K )~ 5K 7 W 29) 5.6)
5V R W)~ (R (25
0
= 'V R W) - (R VW 20 = i Ky, (26
0
From (5.5) and (5.6), we obtain
g6 (Ve KNXG, Z5), Wy) - g5 (V¢ K . Z5), W)
0 0
= gO(ZO’ngKXSVVO ) _gO(KXSVYé?VVO aZo) - go(Kv*ch(c)VVo aZ())
. 5.7)
EE T R + g RL WS 25+ 3R (W 2)
0

= g5 (Vs KOG, W), Z5) - 85 (V5 KOG W), Z).
0 0
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For (iii), from symmetry property of K¢, we deduce
i (K K 25, W) = g (B Wi K 25) = g (B K5 W 2. 5.8

Proposition 5.2: In a statistical manifold MY admitting a SSNMC V¢ in the tangent bundle T™,.
The complete lift of curvature tensor R° with respect to V¢ in the tangent bundle satisfy

() RY(XS,YOZE =-R(YS,XO)ZE.
() REXG, Y, Z5 W)+ RE(XG, Y5 Wy, Z5) =g (X i (2526 (Xo W )+ 15 (Y g (Z6) 26 (X, W)
+nov(Yo")n6’(Z<§’)g3(X6‘,Wo”)—gé(Zé,V;océfo")gé(XS,Wo“)—gS(Z&V;Océé)gS(XS,Wo")+g6(25,k;géé)gS(XS,Wo")

+80(Zy KYO 86080 (Xo, W5 ) +mo (Yg g (W5 )go (X, Zg) +n6 (Y5 o (W5 )80 (X, Zg ) +mo (Yo g W5 )go (X5, Zg)
—gS(Wo‘}V‘Y’géé)gS (X0.2p) —gS(WoVﬁ;Océé)gé(X&Zé)+g6(Wo”,k;géé)g6(X<¥,Zé) +g6(WoV,K;5§§)g3(X8,ZS)
—n5 (X5)n0 (Z5)go (Yo, Wy ) =g (Xo)me (Zg)go (Yo - W ) =10 (X0 mg (Z)g6 (Y5 - W5 ) + 86 (Z5 ,Vj(g 6)g0 (X5, 1)
+80(Z, ,Vj(g §0)go (X5 . W5) - go(Zy KXo §0)go (Yo . W5) - g0 (Zy KXo £6)80 (Yo, Wy ) +mo (Xo)mg (W5 ) go (Yo » Z5)
+116 (Xo)ng (W5 )go (Y, Z5) +n6 (X0 mo W5 ) go (Y5 - Z5) — &6 (Wo"ﬁi(g £6)80 (Y5, Z5) — &6 (WJ,V;’(S &0)go Yy - Zg)
b 08§ K £ 05 26) + 00 K 80505 25

(i) R (X5, Y5025 + RECVS Z)X5 + ROZG XY = 525,V G0V + 8525,V )Y
8525,V X 52 Vi EDX; + (X5, Vs )2 + 25XV £ 2
85X V5 VS — 85(X5. V5, £ + &5V V5 60X + 258 V5, 60X
005V 2 - 850V )2

Proof. By considering (3.2), we get (i). Using (5.3), (5.4) and proposition 5.1, we get (ii). By cycling R*
on X;,Y;,Z; and a direct computation we get (iii).

Corollary 5.1: In a statistical manifold (M"") admitting a SSNMC V¢ in the tangent bundle TM,, if
ng and ngy are closed, then

RY(XCS,YOZE + RE(YS, ZE)XE + R (ZS, XOYE =0.
Proof. By considering equation (3.2), we get
g6 (ZS,V;CSS Yo +g4(Z; ,V;céé )Yy - & (XS,VCZC% )Yy —80(X, ﬁ;céé )Ys
0 0 0 0
= X080(85,Z0)Yy + X080(80, Z0)Ys + X080(86,Z5)Yy — 85(80,V . Zo)Ys
0
- 806 ﬁj;Zé)Yoc ~Z584(&5, XYy — Zsgo (&, X0)Yy — Zy84(&s, Xg)Yy
0
+85(85,V 5 XYy +86(&,V - X5)Yy
0 0
= Xono(Zg) + Xong(Zg) — Zgng (X)) — Zgng (X)) —nol X5, Zg ]
=dnS(XS,ZEY? +dnl(XS, ZE)YL.

(5.9)
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Using (iii) of proposition 5.2, we have

RE(XC,YO)ZE + RE(YS, ZO)XE + RE(ZE, XO)YS
= dnS(XC, ZOYD +dnl(XS, ZYE +dnl(YE, X Z!

v c c c c c c v v c c (4 (510)
+dny(Yy , X0)Zg +dne(Z;,Y, )X, +dny(Zy,Y, )X,
= O,
and this complete the proof.
6. SSNMC on statistical submanifolds in the tangent bundle
The Gauss formula admitting SSNMC V is expressed as
Vx, Yo = Vi Yo +h'(X,.Y), 6.1)

which V* and A® denote theinduced connection and second fundamental form on the submanifold N that
admits a SSNMC V . If the second fundamental form A® satisfies the condition h*(X,,Y,) = H'g,(X,,Y,)
. Then the submanifold N is said to be totally umbilical which admits a SSNMC V, where H® is the

mean curvature tensor with respect to V. Also if A° vanishes, then N is called totally geodesic.

Let V*“ and h* be the complete lifts of the induced connection and complete lifts of second funda-
mental form in the submanifold N of the tangent bundle TM,, . Now taking a complete lifts of (6.1),
we get

Vi Yo = VYD h (XY, 6.2)

Now we will examine the relationship between V* and V® in the tangent bundle TM,, assuming

X;,Yy €&,(N).

Theorem 6.1: In a statistical manifold (MV ) with respect to SSNMC V¢ in the tangent bundle T™,,
N be a submanifold of (MV ) and X; € E,(N). Then the following relations hold:

Vi ¥ = Vi Y5 e O)XG i ()X, - KLYy ©6.3)
o c c 1 c c c *c c c
h (XO,Y0)=§(h (X5,Yy)+h °(X;,Yy)), (6.4)

in which K°, ¥y = %(vc SV VXL YE € & ().
0
Proof. Using the Gauss formula and (4.7) in (3.12), we obtain the following
V Y V Y +n,(Yy)Xg +no (Y)) X, KXgYO
= V;chC +h (X, Yy ) +no(Y5) X, +n,(Y5) X
0
1 c c c c c *c yre *c 4 c
_§(VX(C)Y0 +h (XO,YO)—VXgY0 -h(X;,Yy)) (6.5)
= V;c Yy +no(Yy)Xo +ny (Y) X, — K;c Yy
0 0
1 c c c *c c 4
+ E(h (X5,Yy) +h “(X5,Y5)).

If we separate the tangential and normal part we get our assertion.
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Remark 6.1: From the above proof, the relation of the complete lifts of V*° and V' in the tangent
bundle is

Vi Yo = VR Ye ()G + (05X + KLY, 6.6)

for all X;,Y; € x,(N).
Now we can obtain the following corollaries by considering (3.3), (6.2), (6.3) and (6.4).

Cprollary 6.1: In a statistical manifold (Mvc) with respect to SSNMC V¢ and N be a submanifold of
M in the tangent bundle TM,,. Then the second fundamental form h*¢ coincides with h® in the tangent
bundle.

Corollary 6.2: In a statistical manifold (MV ) with respect to SSNMC V¢ and N be a submanifold of
M in the tangent bundle TM,. Then the induced connection V* of the SSNMC V¢ is also SSNMCin
the tangent bundle.

Prqposition 6.1: In a statistical manifold (Mvc) with respect to SSNMC V¢ and N be a submanifold
of M in the tangent bundle TM,. if N is totally umbilical with respect to the statistical connections
then N is totally umbilical with respect to SSNMC in the tangent bundle.

Proof. In view of (3.15), using (3.3) and (6.3), we obtain

oc 4 c _]- c c c *c c c
h (XO,Y()) _E(h (XO,Y())"'h (XO’YO))

1 (6.7
= E(HC +H “)go(X5,Yy).
So, N is totally umbilical. Also, the mean curvature tensor that admits V¢ is
oc ¢ c 1 c *c
H (X07Yo):§(H +H°). (6.8)

Theorem 6.2: In a statistical manifold (MVC) with respect to SSNMC V¢ and N be a submanifold of
M in the tangent bundle TM, and & € y,(N). For all X,,Y, € y,(M) and Q¢ e y,(N*)

c [ 1 c c *c c 1 c c *c c
VXSQO - _E(AOQSXO +A0Q8XO)+§(DOX8QO +DOX8QO) (69)

Proof. Since @ € x,(N*), and n(Q;) = 0. Then equation (3.11) and (4.7) imply that
VeLQs =V Q5 +n5(Q0)X; +ni (@)X - K¢, Qf
0 0 0

——AC QO——(VC Qo ’;%Qé) (6.10)

oxc

———(AC +AC Xc)+ (D“ QS Q)

oxc

Proposition 6.2: In a statistical manifold (MVC) with respect to SSNMC V¢ and N be a submanifold
of M in the tangent bundle TM,, and & € y,(N). Then A} and D} coincides with A and D in the
tangent bundle respectively.



Kumar R et al., Results in Nonlinear Anal. 6 (2023), 50-65. 61

Proof. The Weingarten formula admitting SSNMC is expressed as

VXSQO = _AOQSXO + DOXSQO' (6.11)

If we consider the above equation with (6.5) and separating the tangential and normal parts, we have

o c — 1 c ¢ *c ¢ oc c 1 c ¢ *c ¢
A X =5 (A0 X5 + AV X0), D Q=5 (D Q5+ D) @), (6.12)

0Qg 0X§

By considering (2.19) and (6.12), we obtain the results. In the light of (3.14), (6.4) and (6.12), we get

go(A™ X5 )

06y

g (A5 X+ A X0).Y)

(6.13)

N~ N

25 (A (X5, Y5) + R (X5, ), €5)
= 8,(h™ (X3, Y5),Qp)-

Theorem 6.3: In a statistical manifolds (Mvc) with respect to SSNMC V¢, N be a submanifold of M
in the tangent bundle TM, and &° € (N*). then V¢ and h* coincides with V¢ and h®° in the tangent
bundle respectively.

Proof. Let &5 € y,(IN 1), then similar to the proof in theorem 6.1. If we obtain the Gauss formula as
follows.

?;SYOC = V;SYOC - K;{SYOC + %(hc (XE,YE) + R (XE,YY)). (6.14)
So, if we taking tangential part of above equation
V;%YOC = V;SYOC - K;SYOC. (6.15)
Using (3.4) and (3.10) in (6.15), we get
V;SYOC = V‘;{SYOC - K;SYOC. (6.16)

In that case, from the last equation we have V** = V. then to show the coincides with of A*° and A",
we take the normal part of (6.14), so

oc c c 1 c c c *c c c
h (XO,Y0)=§(h (X5,Yy)+h “(X;,Yy)), (6.17)
for any X;,Y; € x,(IN). From equation (3.10),
Bt (XE,YE) = h® (X, YY), (6.18)

Thus, the result is clear.

Lemma 6.1: In a statistical manifolds (Mvc) with respect to SSNMC V¢, N be a submanifold of M in
the tangent bundle TM . Then V¢ is a non-metric connection in the tangent bundle.

Proof. For any vector fields X¢,Y¢,Z< on M, we have
(VS 805, Z5) = Xig6(Ys, Zg) + Xog° (Y, Zg) — g5(V°, Y5 . Z5)
0 0

c/ye e c (619)
—go (Vg V" Z5).
0
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Using (3.2), (3.5) and (6.2) in (6.19), we get
(?;C 85, %) = X580(Yy, Zo) + X0 80(Yy, Zg) - 85(VE Yo Zg)
0 0

10 (Y5)80(Xq,2Z0) =16 (Yy)80(X, Zo) + 85 (K, Yy, Zg)
0

V' Z5) )5 X3 Y5) 205X, ) (620
+g§(YOC,K;5Z§).
Using (4.12) in (6.20), we have
(V;Sgé)(YJ,ZS) 1o (Y5)80(Xg,Z5) =1y (Y7) 8 (X5, Zo) + gS(K;SYJ,ZS)
—116(Z5)80(X,Yy) —19(Z5)80(X,¥y) + & (YOC,K;SZS) 621

= 15 (Y9 ) (X5, Z8) — i (V)5 (X Z5) — 15 (Z6) 85 (X5 Y)  mi (29) 25 (X3, Yo,
= (V g0)(Y5 Z5) = ~285(K® Yy Z5).
0 0

Consequently, we obtain V‘g; #0, so V° is a non-metric connection.

7. The Gauss, Codazzi and Ricci equation in the tangent bundle

In this section, the relationship between the lifts of Riemannian curvature tensors with respect to
statistical connections and the SSNMC to the tangent bundle are examined. We denote the tangential
and normal parts of the Riemannian curvature tensors R corresponding to the statistical connections
by R* and R*¢ respectively. Using equations (6.2) and (6.11), we have

vxnggZO = ngvngO - AOh'C(Yg,zg)XO + Doxgh Yy, Zg) -
+h™ (X5, V2 Zp)- '
0
Interchanging X, and Y, in (7.1), we get ?;6626Z8. Then
o %o
R (XO’YO )ZO =R (XO?YO )ZO + AOh'C(XS,Z(C))YO _AOhm(Yg,ZS)XO
+D0X5h Yy, Zg) - Doy(;‘h (X5.Z5)+h (XO’VY(;‘ZO) (7.2)

—h’c(YOC,V;C Zy)-h ([ X5,Y, 1, Zy).
0
In the view of (7.2), taking W, € x,(IV), we get the Gauss equation admitting SSNMC expressed as

2R (X5, Y5)Z5,W5) = g6 (R (X5, Y5) Zs, W) + 86 (h** (X5, Z5), h** (Y5, Wy) (1.3)
—8o(h™ (X5, W5),h* (Y, Zy)) '

Proposition 7.1: In a statistical manifold (Mvc) with respect to SSNMC V¢, N a submanifold of M
in the tangent bundle TM, and &; € y,(N). Then, we have
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5B X3V Z5.W5) = 3R CXG V)20 W) + &6V KO X Z5)W)
855 EE Y W)+ 8525, V' )Y W)
i 2685 V5 W) =i 208 (Y5 W)
e (YOE (208 (X8, WE) + n (Y me (Z8) g5 (XL, W)
Y 1 24)85 05 W) — (5 KOG 26). W)
i K 265 X3 W) =1 (K 2685 X5 )
5 (K X5 250, W) = 5 25V £0) 5 (X5 )
(.5 )86 (X5 W) =S X 265 Y W)
e (X (Z) (Y WE) =i (XEmE (ZE) g (Ve , W)
g (Y5 KO0, Z3), W)+ 5 26 (X5, 25) + (X5, Z5),
B (Y W) + Y5 W) = 80 (X, W) + X5, W)
B (Ve Z8) + WSV Z5),

in which R‘ is the curvature tensor of the induced statistical connection V¢ on N in the tangent
bundle.

Proof. The proof can be obtained from equations (6.3), (6.4) and (7.3).

Theorem 7.1: In a statistical manifold (MVC) with respect to SSNMC V¢, let N be a submanifold of
M in the tangent bundle TM and &, € x,(N). Then, the Codazzi equation with respect to SSNMC V¢
is given by

8 (R (X5 Y9 Z5,7) = 85V h )Y 2),4%) = g5 (V5 h™) (X5, 25),2°)
H16(Y5) g5 (A1 (X5, Z5) + 16 (Vg g5 (A h™ (X5, Z)) (7-4)
(XA R (VE, Z5) ~ (XS gh (A A (Y¢ Z0)),
in which
(V;% h*)Yy,Zy) = D;% h*“(Yy,Z;)-h* (V;S Y, Z5)-h (YOC,V;SZS).
Proof. Since 1° € y,(N*) and the inner product of (7.2) implies
8o (R (X5, Y5)Z5,25) = gi(h™ (XS,V;%ZS)W) + gS(D;%h'C(YJ’ZS),/V)
B0V Z9).2) + g3 (D (X5, 29).2°) (1.5)
=80 (P ([X5, Y51, Z5), 2°).
If the equal of the lie bracket of X and Y| are taken in equation (7.5), then the proof is completed.

Theorem 7.2: In a statistical manifold (Mvc) with respect to SSNMC V¢, N a submanifold of M in
the tangent bundle TM, and &, € y,(N). Then the Ricci equation with respect to SSNMC V¢ in the
tangent bundle is given by
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25 (R (X5,Y5)Qs5, Py) = g5 (R (X5, YRS, Py) + 8o([AL AL 1Xo, Y5),
0 0

c c 1L oC oC — oC oC oC oC
where X{,Y) € x,(IN),Q,, P, € x,(IN") and [AQS,APS] = AQSAPS —APOCAQS.

Proof. In view of equations (6.2) and (6.11), we obtain

g5(R° (X5, Y5)Q5, P5) = g5(V° V. .Q5, Py) — g5(Ve, V° Q. Fy)
0 0 0 0
_go (V[X(C),Yg]QO ,PO )

¢ ¢ ¢ ¢ c c c(1,%C ¢ ec yC c (76)
=go(}%L (XO,Y() )Q07P0)_go(h (XO,AQCYO )7P0)
0

+g(§(Y007A5:cX(():7P(f)7
0
for any X,Y, € x,(N) and 5, F; < x, (N?). Then by considering equation (6.13) in (7.6), we obtain

g5 (R°(X5,Y)Q5. Py) = g5 (R (X5, Yy)Q5, Py) + 8o(A L AL X5, ¥p)
0 0

_gS(A""CA;;C Y, , X;)

0 0

= go(R™(X5,Y)Q5, By) + 85 (A, , A% 1X5,Yy).
0

Q) FS
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