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Abstract

In the present paper we study the characteristics of pointwise slant curves in a normal almost con-
tact semi-Riemannian three-manifold N? . These curves are characterized by the pseudo-Riemannian
scalar product between the normal vector at the curve and the reeb vector field of manifold N3 . In
this class of manifolds, curvature and torsion of such curves are determined. The Lancret of slant
curves in manifold N? is obtained. Additionally, pointwise slant curves with proper mean curvature
are characterized.
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1. Introduction

The study of slant curves in contact three-manifolds was started by the authors in [1]. According
to [2], slant curves are the generalization of Legendre curves. More precisely, let (N?; ¢, &, , g) be
an almost contact Riemannian three-manifold. Then a smooth unit speed curve v : J — N? is called
slant curve if g(&, v' (s)) = cosd(s) = constant, where <J is an open interval and 9: I — [0, 2x) is called
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structural angle (or contact angle). In light of Theorem 3.1 of [1], we obtain for a non-geodesic slant
curve v in Sasakian three-manifolds that

tr-1

Lancret, (v) = (1.1)
The equation (1.1) signifies that the curve v is a Legendre helix if and only if the absolute value of its
torsion is equal to 1, that is, |7| = 1. Several authors exhaustively studied and analyzed the geom-
etry of slant curves (see [3—7]). Recently, in [8], the present authors defined pointwise slant curves
(abbreviated as PS curves) as a natural generalization of slant curves. In this paper, we investigate
how these curves are characterized in N?, where N’ is a normal almost contact semi-Riemannian
three-manifold (abbreviated as a. c. s. three-manifold).

The organizational structure of the paper is as follows: the basics of almost contact semi-
Riemannian manifolds are given in Sect. 2 and Sect. 3. The characterizations of PS curves in IN° are
obtained in Sect. 4. The curvature and torsion of PS curves which are not geodesic in N? are deter-
mined in Sect. 5. We derive the necessary and sufficient condition for the PS curve (which is not geo-
desic) having proper mean curvature vector H. Examples are also constructed for illustration.

2. Preliminaries

Let the manifold N?***! of dimension (2n + 1) be C* and paracompact. Let the Lie algebra of vector
fields on N?"*! is denoted by Z(N?"*! ) and I'(¥) denotes Z(N?"*! )-module of sections of vector bundle F
over the manifold.

The manifold N***! is referred to as an almost contact manifold if the structure group GL, , R

of 7N***! (tangent bundle) is reducible to U(n) x {1}. Equivalently, if there exists (¢, &, n)-structure
satisfying

p’+1I=n®¢ andnp (=1, (2.1)

where the vector field & 1s called characteristic or Reeb vector field, ¢ is an endomorphism, 7 denotes
the identity, and 5 is a 1-form such that nA(dn)" # 0 known as contact form; d is one of the mathemat-
ical operators called the exterior differential operator. It is simple to deduce from equation (2.1) that
no ¢ =@E=0 and rank(p) = 2n [9].
A semi-Riemannian metric g is called compatible with the (¢, &, )-structure if
g (¢, ) + en(n() = 8(, ),
where g has the signature (2g + 1, 2n — 2q) or (2q, 2n — 2q + 1) depending on whether ¢ is spacelike
or timelike, respectively, and &2 = 1. (N***! ; @, £, 5, 2) 1s known as an almost contact semi-Riemannian
(2n + 1)-manifold (abbreviated as a. c. s. (2n + 1)-manifold). Here, g(¢, £) = ¢ and n(X) = ¢g(X, &). This
implies that & is never lightlike. Let ® denotes the fundamental 2—form then it is given by ®(, ) =
eg(-, ). Let the manifold N?>"*! further satisfies din = ®, then it is called a contact semi-Riemannian
manifold. Let h denotes the tensor field defined by h = (1/2)£§q). Then this tensor field plays a crucial
role in N***1, where £ denotes the operator of Lie-derivative. Here b is self-adjoint and satisfies
V, =0, VE=-pob—eph®=trace®) =0, poh=—hog,

where V is a Levi-Civita connection. For more details about the geometry of the contact semi-
Riemannian manifold, we refer to [10-12].

. . d). .
Let us consider the product manifold N***! X R: (Z ,gaj is an arbitrary tangent vector, ¢

1s a smooth function on N?"*! XRR, ¢ is the standard coordinate on R, and Z € I'(TIN?>"*1).
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The almost complex structure </ on this direct product is given as follows:

J(Z,g%J = (coZ —G(f,ﬂ(z)%)

Then N?"*! is called normal if and only if
1
d’](a)é + §[¢’ (/)] (’) = O,

where [¢, ¢] denotes the Nijenhuis torsion, and it is given as follows:
@, @IC, )=l 01— @le 1 +¢* [, ] =0l @]
(see [9, 11)).

3. Normal a. c. s. Three-Manifolds

In the present paper, we restrict ourselves to dimension three. Analogous to [13], we give some
results related to this case. If we consider NV to be an a. c. s. three-manifold, we find that

(Vg D7, = ~1(Z,)gVEE+ egWVZ,E, Z)E, (3.1)
where Z, , Z, e I'(IN?).
Proposition 3.1. In an a. c. s. three-manifold N? , the following conditions are mutually equivalent:
(1) manifold M? is normal;
(1) @VZE=VeZé;
(11) VZE = ef(Z — n(2)¢) — eapZ.
Here Z € T'(T N?), a and p being smooth functions on N? for which we have
2a = trace {Z — ¢V £}, 2 = trace {Z — VZE}.
From equation (3.1) and Proposition 3.1, we find that
V02, = P&9Z,, Z)E — en(Z)pZ) + ag(Z,, Z)E - en(Z)Z, (3.2)
Moreover, manifold INV? satisfies
E(a) + 2eaf = 0.
Therefore, # = 0 if « 1s a non-zero constant. Analogous to [5], IV? is called
Cosymplectic semi-Riemannian manifold if a = = 0;

* quasi-Sasakian semi-Riemannian manifold if =0 and &(a) = 0;
*  B-Kenmotsu semi-Riemannian manifold if « = 0 and f is a non-zero constant.

In addition, N? is said to be a Sasakian semi-Riemannian manifold if « = 1, p = 0 and Kenmotsu
semi-Riemannian manifold if a = 0, f = 1. Now, we give examples of normal a. c. s. three-manifolds.

Example 3.2. Consider the standard Cartesian coordinates on R? as (x, y, 2), 1-form 7 is given by 1 =
ydx + dz, £ = 0z and the endomorphism ¢ is defined by ¢d_ = d,,9d, =yd, =9, ,¢9d, =0, where 0, = ai,
X

0, = 5 and 0, = ai Then ¢?> + ZT=1n ® £ and 5(£) = 1 are obtained. Therefore, the (¢, &, n)-structure is
Z

almost contact. Further, by simple computations, we find that the (¢, &, n)-structure is normal.
Let N? :=R? xR, c R? and normal a. c. s. structure (¢, &, 7, g) is restricted to N>, where g = e ®
n + 2% (dx* + dy®). Then, we have g(d_, d_) = ey* + 2%, g(dy, dy) =2%g0,,0,) =¢, g0, ay) = g(dy, d)=0,
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g(ax, 0)=g(0,0)=ey, g(a d) =g, a) =0, where ¢ = 1. Using ¢ and g, we have g (¢Z, , 9pZ)) = g(Z ,
Z,) —en(Z)n(Z,) and n(Z, ) eg(Z,, &), and thus (NS, @, £, 17, g 1s a normal a. c. s. three-manifold. For
V with respect to g, we have

2 2 2 .2
v, 0, =20 —%ay—[ﬂ}a V,0,=V,0, = y@{#laz,

g z z £z FTE L 9g? 2z
y y z2+€y2
V,0,=V,0, =20, -0, 20,.V,0, =70, ~| =5 |o.,
* : z 22* Y z ez
V,0,=V,0,=——0,+= a—gyava—o
Y : 227 z 227

. . . 1
Using the expressions above and the equation (3.2), we have g = ¢ anda= Py
z z
Example 3.3. Let ICf’ = Ri’ with (x, v, 2) as standard Cartesian coordinates, n = dz, £ = dz , endomor-
phism ¢ satisfies: o= 0, 99, = =0,, 93, =0 and metric tensor is given as g = en ® 1 + exp(22)(dx?® +

dy®), where 0, = ai, 0,= ai and 0, = ai Then, by making straightforward computations, we find that
X )y z

(K?;0,E,m,8) is a normal a. c. s. three-manifold. For V with respect to this g, we have
Vaxax :Vayay = —gexp(ZZ)az,Vaxaz zvfﬁzax :ax’
V,0,=V,0,=0,,V,0,=V,0,=V,0,=0. (3.3)

By the virtue of partial differential equations (3.3) and equation (3.2), we obtain f = ¢ and a = 0.
Therefore, K is a 3-dimensional e-Kenmotsu manifold. Furthermore, K’ is a warped product R x F
where warping function fis given by f(z) = exp(ez).

For more information on warped geometry, we may refer to [14].

4. Pointwise Slant Curves

Let N? be a normal a. c. s. three-manifold with Levi-Civita connection V, v : I — N? be an unit speed
curve in N3, I being an open interval. Then v is called a Frenet curve if the Frenet frame {T:=v', N, B}
of v satisfies (Frenet—Serret formulas) [7, p. 968]:

V,T=«xN,V,N=¢eB—-«Tand V, B=-tN, 4.1)

where « = |V, Tl and 7 are denote the curvature and torsion of v, respectively. The vectors T, B and
N are known as the tangent, binormal and principal normal of v, respectively. The curve v is called
geodesic if V »" = 0 and it is not geodesic if « > 0 everywhere on I.

Following [8], we give

Definition 4.1. Let NV? be a normal a. c. s. three-manifold and v : J — N? be a Frenet curve. Let p :
I — I, C R be a smooth function, where I, = [-1, 1] or I, = [0, ). Then v is said to be a pointwise slant
curve (abbreviated as PS curve) if n(v') = p. We call p, a slant function. In particular, v is slant curve if
p =constant [4] and if p = 0 it is Legendre curve ( [2, 9]). The PS curve is said to be proper, if neither p
= 0 nor p =constant.

Remark 4.2. For a PS curve v in N?, we have
p =g, v (s)). (4.2)

If the characteristic vector field is timelike, then p = sinh 9, (s), where angle 9, : I — [0, ) is called
Lorentzian timelike between v’ and characteristic vector field [15]. In this case, p € [0, ©). Further, let
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{v', & span a spacelike vector subspace, and if characteristic vector field is spacelike, then p = cosd,(s),
where 9, : I — [0, 27) is the contact angle of v [4]. In this case, p € [-1, 1].

Using Definition 4.1, we find that a curve o(s) = (v,(s), v,(5), v,(s)) in N, f’ is a PS if and only if

12

' r_
VL, + Uy = p,

20,12 2
vy (U +0y")=1-¢p”,

where p is a smooth function. It can be easily seen that
o' =0; 0, + 00, + (p — vp*)0, and gv’ = v, + v;0, + v,0,.

Here, it 1s important to mention that every unit speed curve in IN° is not necessarily a PS curve, for
instance, consider the following curve in N°;:

y(s) = (—\/gs,%,l), seR.

Then we have g(y/, y) = 1. Here p = —2, this implies that sinh 91(s) = —2, which is not possible value
for the above defined smooth function p.
After taking covariant differentiation of equation (4.2) along v, we get

p' =8, kN) + 8", —agv' + p(v' = p&)) = f(1 — ep?) + kn(N). (4.3)
The interpretation of & in terms of the Frenet frame of v provides
en(N)* + n(B)* = 1 — ep*. (4.4)

Using equations (4.3) and (4.4), we have the following characterization result for the PS curve:

Proposition 4.3. Let v : J — N? be a non-geodesic curve. Then v is a PS curve if and only if

77(N)=M- (4.5)
K

Therefore, a necessary condition for v to be a PS curve is

en(N)* < (1 — ep?), (4.6)
only if p # £1.

Remark 4.4.

(1) The characterization (4.5) (as well as (4.6)) is independent of the Sasakian part, i.e., does
not depend on a. Thus for a (semi-Riemannian) quasi-Sasakian manifold, this expression

!

givesn(N)zﬂ. Particularly, for p-slant curve v which is not geodesic in quasi-Sasakian
K

3-manifold, we have n(N) = 0 [1].
(i1) From (4.6), equality yields n(N)*> = 1 — p? (then n(T") = p and 5(B) = 0) only if £ is spacelike.
Particularly, v is a Legendre curve with x = f|v and N = —¢.

B

(i11) For a slant curve v with ¢ = 1, equation (4.5) provides n(N) = —;sin2 9 [4].

Let v be a PS curve in N?. Consider v’, gv’, £ such that g(&, &) = ¢, g, v') =1, g’, &) = ep, glpv’ pv’) =
1 — gp? and g/, pv’) = g(&, @v’) = 0; p being a smooth function. Then, the set {v’, pv’, &} is linearly

independent, forms a basis of 7, (S)N?’ for every s € I'if and only if m = /[l — §0*| # 0. Now, we can define
orthonormal vector fields as:

, )] —gpv'
BIZU’ Bzz%f B3:§Tp’ (47)
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where m = +Jll - gp?|, g(B,, B,) =eand g(B,, B)=g(B,, B) = 1.
Here, {v’, pv’, & 1s linearly dependent if and only if v’ = epv’ + p& or v’ = pé. Furthermore, if {v', ¢v’,
£} is linearly dependent, then |p| =1 and € is spacelike. This implies that v is necessarily a geodesic.

Therefore, we must have m # 0 for the non-geodesic curve v. The decomposition of & with respect to
{B,, B,, B,} is as follows:

¢=e(mB, +pB)) . (4.8)
Remark 4.5. We define the Lancret coefficient of a PS curve v in N? which is not geodesic by
Lancret (v) = L (4.9)
m
The insight for above definition is that for ¢ = 1, the above expression yields Lancret(v) =C(,)—Sl;|,
in

where 9 = constant, analogous to contact geometry [3].

5. Main Results
Let VU,B1 = 0le1 + ble + ¢ B

B, , where a, b, and c, are any C” functions. Then a, = g(Vo' B,, B)) = 0,

b, =g(Vv' B, B,)) = 6m and —ec, = g(B,, V B,), where 6 = %g(VU,U’,(pU') . Using equation (3.2), we get
m

! !

g(B,,V, B;)= g(ﬂm —ﬂ) Thus, VB, =o6mB, —[ﬁm —ﬂJ B,. Analogy to this, we can find V B, and
m m
V , B,. This provides the following result:

Lemma 5.1. Let v : J — N° be a PS curve which is not geodesic. Then, we have

vV, B =mdéB, + (% - mﬂj B,, (5.1)
Vo'B, = -méB, + (a + p)B,, (5.2)
vV, B, = g([mﬂ - %) B, —(op+ O‘)sz’ (5.3)
where
m= m and 6 = %g(vu,z}’,(pu'). (5.4)

Theorem 5.2. Let v : J — N? be a PS curve which is not geodesic. Then expression for curvature k and
torsion 7 of v are as follow:

L \2

K= m\/a[ﬂ%j +07,
m
(ﬁa’—ﬁ'(S)—z[p”'){(Sp'j (6.5)
2 2
= f|la+p0+ ,n; mn ,
g[ﬂ— ”2) + 5
m

where m and & are given in equation (5.4).
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Proof. From equation (5.1) and by computation of length of V v"i.e. |V v'[l, we receive k. In light of
equations (4.1) and (5.1), we get

K mk

sz_ffBz_(m_ﬂ_Lng,

m
2 2 [ ' o
VUNZ[_G__&JBl (a'fz)a'f €_b( +a_pDBZ [_Kb 2K6+2(a_p+ BBS
K K K K m K K m
_ _«B, +(M][a +P_G+MJ_ (5.6)
K m K

Using Frenet—Serret formulas, we obtain from equation (5.6) that 7 = i(p_a + ba'~ba + aj
m K

2
Hence, it completes the proof.
Now, we can give the following result as a corollary of the above theorem:

Corollary 5.3. Let v be a slant curve in N? which is not geodesic. Then the expressions for curvature

and torsion of v are as follows:
Kk =malef? + 52,

r=i(p§+a+%}
+ap (5.7)
Then the associated Lancret of v for § # 0, is given by
1 1
(ﬂ’é—,ﬂ&')‘§2 4 gﬂ2‘ 2 (aF r)‘é'z 4 gﬂZ‘fZ
Lancret_ (v) = ; (5.8)

KO
where m and § are given in equation (5.4).

Proof. Since p’ =0, i.e., v is slant. Thus, equation (5.5) leads to (5.7) and equation(5.8) follows directly
from (4.9) and (5.7). Hence, it completes the proof.

Consider ¢ = p, T + p,N + p,B, where p , p,, and p, are any smooth functions. By the virtue of equa-
tions (4.1), (4.7), (5.1)-(5.3), and (5.6), we can readily compute p,, p,, and p,. This provides the follow-
ing result:

Proposition 5.4. Let v : J — N? be a PS curve which is not geodesic. Then, the decomposition of & is
expressed as follows

E=e(pxT + (p' — m*P)N + m?sgn(z)6B)/x,

where {T, N, B} denotes the Frenet frame of v and m, § are given in equation (5.4).
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Now, we present the x and t values of a non-geodesic PS curve in some subclasses of V?,
Corollary 5.5. Let v : J — N? be a PS curve which is not geodesic.

(a) Let N? be a Cosymplectic semi-Riemannian manifold then we have

02
m m

(c) Let N? be a p-Kenmotsu semi-Riemannian manifold then we have

-

T= x| pd+

EK,B—LIJ +67,

m2

(P (P8
oo oo (o)

where m and § are given in equation (5.4).
Below, we give certain proper PS curves in N>
Example 5.6. Let in N}?
vl(s) = (s, 0, sin s), s € (0, 2n).

. ) 1
Then the curve »! is a proper PS curve in /\/13. Here, we have a(v'(s)) ==csc® s, (0! (s)) = csc s, 5(s) =
—cot scscs, p=cos s, 2
1

2
. < cot” s
K= (1 +3sin? 8)2 cscsand 7 =

1

2K

The Euclidean image of »! is depicted in Figure 1. Moreover, some of the particular cases of »! are
striking, these are portrayed in Figures 2, 3, and 4.
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1.0 08 06 04 02

) 1 Figure 4: p = 0.
Figure 3: p = >

Example 5.7. Let in N2,
v%(s) = (k, s, cosh s), s € (0, x), keR.
Then v? is a proper PS curve in N_g’l. Here, we find p(v, (s)) = —sech s, 6(s) = sech s(—s + tanh s),

a(v’(s)) = %sech2 s,p=sinhs,

2tanh®s |
4 — (s —tanhs)? |

zc:\/|4—(s—1:anhs)2 |and 7 =

(tanh s)(s —tanhs) — %sech2 S+

From Definition 4.1, the necessary and sufficient conditions for v(s) = (v,(s), v,(s), v,(s)) to be a PS
curve in K’ are given by

vy = p,
5.10
{u{z + vl = exp(—20,)m”. (5.10)
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Now, we have
v'=v[0, +v,0, + p0, and pv'=-v,0,1+v0,.
From (5.10), we find

v, =mexp(-v,)cosg(s),vy, = mexp(—v;)cosg(s),v; = p,

where ¢ € C*(I). This leads to the following result:

Proposition 5.8. Letv:J — ICf be a PS curve in ICg3 which is not geodesic. Then v can be expressed as
follows:

mg:U;W@Qammaﬁpumg,

where W(s) = (cos ¢(s), sin ¢(s)) is parametrization of circle S1 , Q(s) = exp(—J.s p(t)dtj and ¢ is a
smooth function on I. *

By straightforward computations, we get

-

T =1 ps'+

N2
o(1-Z ]+
m
%ﬂ_z[ggj+(pgj
m m

&'\
g’2+5(1— sz
m

Let us consider a PS curve v : J — N° in N°. Then we have

H=V.v,
v

where H denotes the mean curvature vector field. Then PS curve v is known as a curve with proper H,
if we have a C* function A such that

AH = JH. (5.11)
Here A denotes the Laplace operator and it is explicitly given by
A=-V V..

If 2 =0 then PS curve v 1s said to be a curve with harmonic H ( [4, 6]). Using Frenet-Serret formulas,
(5.11) can be rewritten as

—3kk'v’ + e(2c't + kt")B + (" — k* — ext® )N = —xwN.

This implies that the relation AH = AH holds if and only if xz’ = 0 and e7% + x® = Ax. This yields the
following remark:

Remark 5.9. Let v be a PS curve in V? . Then it holds AH = AH if and only if PS curve v is either geo-
desic or helix satisfying

et + k2 = . (5.12)

In view of the above remark, it can be easily seen that the PS curve which is not geodesic with har-
monic H does not exist in N°. In light of equations (5.5), (5.11) and (5.12), we provide the following
proposition which generalizes result 3.7 of [3] and result 3 of [4].
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Proposition 5.10. If we consider a PS curve v in N° which is not geodesic. Then v is having proper

H if and only if it is helix such that 1= (a +p5+%}g+ x®, where § and m are given in (5.4) and
@ =(p5' - f'5)m* - 257" +m* (%} .
Example 5.11. Let in N}’

02 (s) = [1,ln s,%), s (0,0),
f 1
&

then v?1s a slant Frenet curve in le_ Here, we find p = (thatis, 9= ) BWP(s)) = ——, a(V’(s)) =

)

1
V2

s 1 1ns|
(Inse)® +1 s? ‘

Using (5.8), we find Lancret (v®) = 1. Now, we have that

o(s) = —£221nse #0,

s {Js® +(nse)?
Kk=-———"—and
S

2 2:(21n3€_(ln3)2)+(2lnslnse+1)+ (Ins)*

5 (1 +(In 39)2) s' (1 +(Inse)? )2

From the above equation, we get 2 + > = non-constant. Therefore, by the consequence of Proposition
5.10, we find v? 1s without proper H.

Example 5.12. Let in N,

eR,

vi(s) = [\/53,1,%} s

then »* is slant curve in N7 ®. For »*, we have p= NE) (that 1s, 9= arcsin A3 3), a(v*(s) =

Soo

o(s) = —i =0, BL*(s)) =— \/_ \/2_ nd 7= % Using equation (5.8), we get Lancret (v*) =
Now, we obtaln that ¥* — 72 =constant. Therefore, in light of Proposition 5.10, we have »* is helix and
201

having proper H with A = el
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