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1. Introduction

Let Mn (dim=n) be a Riemannian manifold with the Riemannian metric g. If the torsion tensor T  of 
Ñ  satisfies the following equation:


 T X Y Y X X YX Y( , ) [ , ] ,0 0 0 0 0 00 0

0= - - =Ñ Ñ
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" X0  and Y0 on Mn, a linear connection Ñ  is said to be symmetric. If not, it is referred to as a non- 
symmetric connection.

In the view of Schouten and Friedmann [5], a linear connection Ñ  on Mn is called semi-symmetric 
if T  satisfies

T X Y Y X X Y( , ) ( ) ( ) ,0 0 0 0 0 0 0 0= -w w

where w0 is a 1-form associated with a vector field U and related by w0 0 0( ) ( , )X g X U=  for all vector 
field X0, Y0 on Mn. Ñ  is said to be metric if Ñ =g 0.  If not, it is referred to as a non-metric connection.

In 1975, Golab [6] introduced the notion of QS connection Ñ  on Mn. A linear connection Ñ  is said 
to be a QSM connection if its torsion tensor T  satisfies

T X Y Y X X Y( , ) ( ) ( )0 0 0 0 0 0 0 0= -w f w f

and Ñ =g 0,  where f is a (1,1) tensor field on Mn. In 1991, Mukhopadhyay et al. [22] studied the prop-
erties of a QSM connection on a Riemannian manifold (M, g) with an almost complex structure f. 
Sular et al. [29] studied a QSM connection on a Kenmotsu manifold in 2008. For more details about 
the semi-symmetric and quarter-symmetric connections, see ([1], [2], [7], [11], [18], [19], [21], [24], 
[25], [30]).

 On the other hand, it is conventional to analyze different geometrical connections and structures 
use natural operations to convert connections and structures on the base manifold to its tangent 
bundle. Tani [31] presented the idea of prolongations of surfaces to tangent bundle. Khan et al. ([13], 
[14], [15]) examined the tangent bundle of various manifolds connected to different connections and 
gave their theories. Motivated by above theory, investigations are made into lifts of submanifolds of 
Riemannian manifolds that admit a QSM connection.

 The paper is organized as follows. Section 2, devoted to basic definitions. Section 3 deals with the 
study of submanifold of codimension 2 and hypersurface concerning QSM connection in TM. In the 
end, TG and TU submanifolds of codimension 2 and hypersurface concerning such connection in TM 
are investigated.

2. Preliminaries

2.1. Complete and Vertical lifts

Let TM be the tangent bundle of M. Superscripts C and V denote the complete and vertical lifts of the 
tensor fields. The following characteristics of these lifts in the terms of partial differential equations 
([33],[26])

X X
Y

V i
i0 0

0

= ¶
¶

,  (1)

X X
X

X
X
Y

Y
C i

i

i

j
j

i0 0
0

0

0
0

0

= +¶
¶

¶
¶

¶
¶

.  (2)

The subsequent characteristics of complete and vertical lifts are provided by [33]

( ) ,( ) ,
,

f X f X f X f X f X
X f X f X f

V V V C C V V C

V V V C C
0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 00
= = +

= = VV V C C C

V V V C C V

X f X f X f
f X X X

= =

= = =

( ) , ( ) ,
( ) , ( ) ( ) (

0 0 0 0 0

0 0 0 0 0 0 00w w w w )) , ( ) ( ) ,
[ , ] [ , ] [ , ],[ , ]

V C C C

V C V V C C

X X
X Y X Y X Y X Y

w w0 0 0 0

0 0 0 0 0 0 0 0

=

= = ==

= =

Ñ = Ñ

[ , ].
( ) , ( ) ,

( )

X Y
F X F X F X F X
Y Y

C C

V C V C C C

X
C C

XC

0 0

0 0 0 0 0 0 0 0

0 00 0

CC
X
C V

X
V

CY Y, ( ) .������Ñ = Ñ
0 00 0

 (3)
(4)
(5)
(6)
(7)
(8)
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2.2. Complete and Vertical lifts of Á s
r

n nM M( , )- +1 1  to TMn+1

If f0  is a function on Mn–1. The vertical lift f f TM
V

n0 0 1 of  to +  is given by f f
V

Mn0 0 1
=

-
p .  Let U be neigh-

borhood of p in Mn+1. Then the function f0
  fits with f0  in U MnÈ +1  containing p. The complete lift f

C

0


^

 

of f0
  is given as f Y f

C i
i0 0 0

 = ¶  in pMn
U

+

-
1

1 ( ).  If X0  is an element of Á s
r

n nM M( , ).- +1 1  The vertical lift X
V

0  

to TMn+1 is defined by X f X f
V C V

0 0 0 0
 = ( )  and complete lift X

C
0  to TMn+1 is defined as X f X f

C C C
0 0 0 0
 = ( ) ,  

for each f Mn
 Î +Á0

0
1( ) along Mn–1. Similarly, If w0  is an element of Á1

0
1 1( , ).M Mn n- +  The vertical lift 

w0
V

 and complete lift w0
C

 to TMn+1 are defined by w w0 0 0 0
V C VX X( ) ( ( ))=  and w w0 0 0 0

C C CX X( ) ( ( ))=  for 

each X Mn0 1
0

1Î +Á ( )  respectively ([27], [28], [23]).

3. Submanifold of codimension 2

Let M dim nn+ = +1 1( )  be a differentiable manifold and M dim nn- = +1 1( )  be manifold submerged in 
Mn+1 by mapping t : .M Mn n- +®1 1  The differentaibility dt of the submerged t is shown by B ([3], [32], 
[4]). Let us assume that Mn+1 is a Riemannian manifold with g  as its metric tensor. Then we infer

g X Y g B X BY( , ) ( , )f f0 0 0 0=    (9)
" X0 , Y0 in Mn–1, where the submanifold Mn–1 is also a Riemannian manifold with g as its metric tensor.

If Mn–1 and Mn+1 are both orientable, we can choose mutually orthogonal unit normals N1 and N2 
defined along Mn–1 such that

  

 

g B X N g B X N g N N
g N N g N N

( , ) ( , ) ( , )
( , ) ( , )
f f0 1 0 2 1 2

1 1 2 2 0
= =
= =  (10)

" X0  in Mn–1.
A QSM connection Ñ  given as [20]

� � � � � � � � � � � � �
� �Ñ = Ñ + -

·

X XY Y X Y g X Y P
0

00 0 0 0 0 0h f f( ) ( , )  (11)

where Ñ  be Levi-Civita connection, h  is a 1-form, f  is a tensor of type (1,1) such that 






g X Y g X Y( , ) ( , )
~ ~ ~ ~

f f0 0 0 0=  and the vector field P  given by   g P X X( , ) ( ).
~ ~

0 0=h
Let us put

P BP N N= + +l m1 2 ,  (12)
l and m functions of Mn–1.

Let Ñ
·

 Riemannian connection induced on Mn–1 form Ñ
·

 on the enveloping manifold wrt normals N1 
and N2, we infer

Ñ = Ñ + +
· ·

BX XBY B Y h X Y N k X Y N0 00 0 0 0 1 0 0 2( ) ( , ) ( , )  (13)

" X0 , Y0 in Mn–1, where h and k represent II fundamental tensor of Mn–1. Correspondingly, if Ñ be  
connection induced on Mn–1 from Ñ  on Mn–1, we infer

Ñ = Ñ + +BX XBY B Y m X Y N n X Y N
0 00 0 0 0 1 0 0 2(( ) ( , ) ( , ) ,  (14)

m and n represent (0,2)-type tensor fields of Mn–1.
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Let TMn–1 and TMn+1 be tangent bundle of Mn–1 and Mn+1 individually. Let g  be a Riemannian 
metric given in Mn–1. The complete lift of g  is gC  in TMn–1. Then the induced metric from gC  is 
denoted by gC such that

g X Y g B X BYC C C C C C(( ) , ) ( ( ) , )f f0 0 0 0=     (15)
"X YC C

0 0,  in TMn–1.
Use complete lifts on of the equation (10) by mathematical operators, we get















g B X N g B X N
g B X N g

C C C C C V

C C C C

( ( ) , ) ( ( ) , )
( ( ) , )
f f

f
0 1 0 1

0 2

0= =

= (( ( ) , )
( , ) ( , )
( , )



 

 

B X N
g N N g N N
g N N

C V

C C C C V V

C C C

f 0 2

1 1 1 1

2 2

0
0

=

= =

= gg N N
g N N g N N
g N N g

C V V

C C C C V C

C V C C

( , )
( , ) ( , )
( , ) (

2 2

1 2 1 2

1 1

0
0
=

= =

=

 

  NN NV C
2 2 1, ) =  (16)

where N N N NV C V C
1 1 2 2, ,  and  are complete and vertical lifts of N1 and N2 individually in TMn–1.

Use complete lift on the equations (11) and (12) by mathematical operators, we get

� � � � � �� �Ñ = Ñ + -
·

BX
C C

BX

C
C C

C
CBY BY BX B Y g B X by

0
00 0 0 0 0( ( )( )) ( ( , )h f f ��

� � � � � � � �� �

P

BY BY BX B Y

C

BX
C C

BX

C
C C C V

C
C

)

( ( )( ) ) (Ñ = Ñ + +
·

0
00 0 0 0h f hVV C C

C C C V C V

BX B Y

g B X BY P g B X BY

( )( ) )

( ( ) , ) ( ( ) ,

� �

� � � � � � �
0 0

0 0 0

f

f f- - 00
C CP) �  (17)

"X YC C
0 0,  in TMn–1, where Ñ

·
C

 denotes complete lift of Ñ
·�

�wrtgC  defined by  

g P X XC C C C( , ) ( ( ))
~ ~

0 0= h  where 



h fC C CP, , are complete lifts of 1-form h, tensor of type(1,1) f and vector field P .

 

 

P BP N N
P BP N N

C C C C

V V V V

= + +

= + +

l m

l m
1 2

1 2  (18)

where P is a vector field and l and m are functions of Mn–1. Now, we are going the prove the following 
theorem:

Theorem 3.1. The connection Ñ
· C

 induced on T(Mn–1) from Ñ
·

C

 of a Riemannian manifold with a QSM 
connection is also a QSM connection.

Proof: Let Ñ
· C

 be the induced connection from Ñ
·

C

 on T(Mn–1) from the connection Ñ
·

C

 on the 
enveloping manifold concerning the unit normals N1 and N2 whose complete and vertical lifts are 
N N N NC V C V

1 1 2 2, ,  and  respectively. Operating complete lift on both sides of equations (13) and (13), we 
obtain

Ñ = Ñ + +

+

· ·� ��BX

C
C

X

C
C C C C V V C C CC CBY B Y h X Y N h X Y N0 00 0 0 0 1 0 0 1( ) ( , ) ( , )

kk X Y N k X Y NC C C V V C C C( , ) ( , )0 0 2 0 0 2+  (19)

where hV, hC, kV and kC are complete and vertical lifts of h and k respectively of Mn–1.
Similarly, if ÑC be connection induced on T(Mn–1) from the QSM connection ÑC  on T(Mn–1), we have
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




Ñ = Ñ + +

+

BX
C C

X
C C C C C V V C C C

C

C CBY B Y m X Y N m X Y N

n
0 00 0 0 0 1 0 0 1( ) ( , ) ( , )

(( , ) ( , )X Y N n X Y NC C V V C C C
0 0 2 0 0 2+  (20)

where m m n nV C V C, ,  and  are complete and vertical lifts of m and n, individually of Mn–1.
In the view of equations (17), (18), (19) and (20), we have

B Y m X Y N m X Y N n X Y N nX
C C C C C V V C C C C C C V
C( ) ( , ) ( , ) ( , )Ñ + + + +
0 0 0 0 1 0 0 1 0 0 2

VV C C CX Y N( , )0 0 2

= Ñ + + +
·

B Y h X Y N h X Y N k X Y NX

C
C C C C V V C C C C C C VC( ) ( , ) ( , ) ( , )0 0 0 0 1 0 0 1 0 0 2 ++

+ +

k X Y N
BX B Y BX B Y

V C C C

C C V V C C

( , )
( ( )( ) ) ( ( )( ) )

0 0 2

0 0 0 0

 



 h f h f -- + +

-

( ( ) , )( )
( ( ) , )(



  



 

g B X BY BP N N
g B X BY

C C C V V V

C V C

f l m

f
0 0 1 2

0 0
BP N NC C C+ +l m1 2 )

 (21)

Comparison of tangential and normal vector fields, we get

Ñ = Ñ + +

-

·

X
C C

X

C
C C C V V C C

C
CY Y BX B Y BX B Y

0
00 0 0 0 0 0

 



 



h f h f( )( ) ( )( )

gg B X BY P g B X BY PC C C V C V C C( ( ) , ) ( ( ) , ) 



 f f0 0 0 0-

where l and m are choosen such that

m X Y h X Y g B X BY
m X Y h

C C C C C C C C C

V C C V

( , ) ( , ) ( ( ) , )
( , )

0 0 0 0 0 0

0 0

= -

=

l f

 

(( , ) ( ( ) , )
( , ) ( , )

X Y g B X BY
n X Y k X Y g

C C C V C

C C C C C C
0 0 0 0

0 0 0 0

-

= -

l f

m



 



CC C C

V C C V C C C V

B X BY
n X Y k X Y g B X B

( ( ) , )
( , ) ( , ) ( ( ) ,

 



 

f

m f
0 0

0 0 0 0 0= - YYC
0 )  (22)

Thus,

Ñ Ñ h f hX
C C

Y
C C C C C C V V C

C CY X X Y BX B Y BX
0 00 0 0 0 0 0 0- - = +[ , ] ( )( ) ( )(

 



 



 



 

B Y

BY B X BY B X

C

C C V V C C

f

h f h f

0

0 0 0 0

)

( )( ) ( )( ) .- -  (23)

thus, the connection ÑC induced on TMn–1 is the QSM connection. Hence, the proof is completed.
As an immediate consequence of the above theorem, we have the following corollary:
 Let Mn+1 (dim=n + 1) be a differentiable manifold and Mn be hypersurface in Mn+1 by immersion 

t :M Mn n+ ®1  and by B the mapping induced by t from T(Mn) to T(Mn+1), where T(Mn) and T(Mn+1) 
denote tangent bundles of manifold Mn and Mn+1 respectively.

Corollary 3.1. The connection induced on the hypersurface TMn from of a Riemannian manifold with 
a QSM connection concerning the unit normals NC  and NV  is also a QSM connection.

Proof: Suppose Ñ
· C

 be the induced connection from Ñ
·

C

 on the hypersurface TMn concerning N whose 
complete and vertical lifts are NC  and NV . Then we have,

Ñ = Ñ + +
· ·� ��BX

C
C

X

C
C C C C V V C C CC CBY B Y h X Y N h X Y N0 00 0 0 0 0 0( ) ( , ) ( , )  (24)

where X YC C
0 0,  are arbitrary vector fields on TMn and h is second fundamental tensor of the hypersur-

face Mn whose complete and vertical lifts are hC and hV respectively on T(Mn).
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Let ÑC be connection induced on hypersurface from Ñ
·

C

 concerning the unit normal N whose  
complete and vertical lifts are NC  and NV .






Ñ = Ñ + +BX
C C

X
C C C C C V V C C C

C CBY B Y m X Y N m X Y N
0 00 0 0 0 0 0( ) ( , ) ( , )  (25)

where mC and mV are complete and vertical lifts of tensor field m of type (0, 2) on Mn.
From equation (17), we have

B Y BY BX B Y BXX
C C

BX

C
C C C V V

C
C( ) ( ( )( ) ) ( (^ ^�

� � � � ��Ñ = Ñ + +
·

0
00 0 0 0 0h f h CC C

C C C V C V C C

B Y

g B X BY P g B X BY P

)( ) )

( ( ) , ) ( ( ) , )^ ^

�

� � � � � �

f

f f

0

0 0 0 0- -  (26)

Using equations (24) and (25) in the above equation, we get

B Y m X Y N m X Y N B Y h XX
C C C C C V V C C C

X

C
C C

C
C( ) ( , ) ( , ) ( ) (Ñ + + = Ñ +

·

0
00 0 0 0 0 0 0

CC C V V C C C

C C V V C

Y N h X Y N

BX B Y BX

, ) ( , )

( ( )( ) ) ( ( )(
0 0 0

0 0 0

+

+ +

 



 h f h BB Y
g B X BY P g B X BY P

C

C C C V C V C C

f

f f
0

0 0 0 0

) )
( ( ) , ) ( ( ) , )- -

  



  

 

(27)

Making use of equation (18) in equation (27), we get

B Y m X Y N m X Y N B Y h XX
C C C C C V V C C C

X

C
C C

C
C( ) ( , ) ( , ) ( ) (Ñ + + = Ñ +

·

0
00 0 0 0 0 0 0

CC C V V C C C

C C V V C

Y N h X Y N

BX B Y BX

, ) ( , )

( ( )( ) ) ( ( )(
0 0 0

0 0 0

+

+ +

 



 h f h BB Y
g B X BY BP N
g B X BY

C

C C C V V

C V C

f

f l

f

0

0 0

0 0

) )
( ( ) , )( )
( ( ) , )
- +

-



  



  (( )BP NC C+ l  (28)

Comparison of tangential and normal vector fields, we get

Ñ = Ñ + +

-

·

X
C C

X

C
C C C V V C C

C
CY Y BX B Y BX B Y

0
00 0 0 0 0 0

 



 



h f h f( )( ) ( )( )

gg B X BY P g B X BY PC C C V C V C C( ( ) , ) ( ( ) , ) 



 f f0 0 0 0-

m X Y h X Y g B X BY P
m X Y

C C C C C C C C C V

V C C

( , ) ( , ) ( ( ) , )
( , )

0 0 0 0 0 0

0 0

= -

=

l f

 

hh X Y g B X BY PV C C C V C C( , ) ( ( ) , )0 0 0 0- l f

 

Thus,
Ñ -Ñ - = +X
C C

Y
C C C C C C V V C

C CY X X Y BX B Y BX
0 00 0 0 0 0 0 0[ , ] ( )( ) ( )(

 



h f h 



 



 

B Y

BY B X BY B X

C

C C V V C C

f

h f h f

0

0 0 0 0

)

( )( ) ( )( ) .- -  (29)

Hence, the connection ÑC induced on Mn is QSM connection. The proof is completed.

4. TG and TU submanifold in the tangent bundle

Consider orthonormal set { , ,....., }e e en1 2 1-  vector fields on Mn–1. Therefore, the function

1
2 1 1

1

( )
[ ( , ) ( , )]

n
h e e k e e

i

n

i i i i-
+

=

-

å
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is mean curvature of Mn–1 wrt a Riemannian connection Ñ
·

 and

1
2 1 1

1

( )
[ ( , ) ( , )]

n
m e e n e e

i

n

i i i i-
+

=

-

å

is mean curvature of Mn–1 wrtÑ.

Some definitions:

Definition 4.1. If h and k are zero, Mn–1 is said to be TG wrt the Riemannian connection Ñ
·

.

Definition 4.2. Mn–1 is said to be TU wrt Ñ
·

 if h and k are propotional to g.

Now, TMn–1 is TG and TU wrt the QSM connection ÑC for mC, mV, nC and nV are zero and are  
proportional to gC respectively.

Theorem 4.1. The mean curvature of TMn–1 wrt the connection Ñ
· C

 may coincide with that of TMn–1 
wrt the connection ÑC it is necessary and sufficient that  P and PC V   are in the tangent space of TMn+1.

Proof: Taking consideration of equations (22), we have

m e e n e e h e e k e e gC
i
C

i
C C

i
C

i
C C

i
C

i
C C

i
C

i
C C( , ) ( , ) ( , ) ( , ) ( ) (+ = + - +l m 

BB e Be
m e e n e e h e e k e

i
C

i
C

V
i
C

i
C V

i
C

i
C V

i
C

i
C V

i
C

( ) , )
( , ) ( , ) ( , ) ( ,

f 

+ = + ee g B e Bei
C C

i
V

i
C) ( ) ( ( ) , )- +l m f

 

On comparision, we infer
m e e n e e h e e k e e
m e e

C
i
C

i
C C

i
C

i
C C

i
C

i
C C

i
C

i
C

V
i
C

i
C

( , ) ( , ) ( , ) ( , )
( , )

+ = +

++ = +n e e h e e k e eV
i
C

i
C V

i
C

i
C V

i
C

i
C( , ) ( , ) ( , )

iff l = m = 0.
In the view of equation (18), it follows that  P BP P BPC C V V= = and .  Thus the vector fields 

 P PC V and  are in the tangent space of TMn–1. This completes the proof.

Theorem 4.2. The submanifold TMn–1 is TU wrt the Riemannian connection Ñ
· C

 iff it is TU wrt the 
QSM connection ÑC.

Proof: The equation (22) readily lead to the proof.
As an immediate consequence of theorem 4.1 and theorem 4.2, we have the following corollaries on 

hypersurface:

Corollary 4.1. In order that the mean curvature of TMn–1 wrt the connection Ñ
· C

 may coincide with 
that of TMn–1 wrt the connection ÑC it is necessary and sufficient that  P and PC V   are in the tangent 
space of TMn+1.

Proof: The proof is trivial.

Corollary 4.2. The hypersurface TMn is TU wrt the Riemannian connection Ñ
· C

 iff it is TU wrt the 
QSM connection ÑC. 

Proof: The proof is trivial.
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