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In this paper, we present a novel class of Yamakawa-type bi-starlike functions. These functions are
defined using Gegenbauer polynomials associated with g-calculus. We have derived estimates for the
Maclaurin coefficients |a,| and |a,| for functions in the Yamakawa-type bi-starlike function sub-
class. Additionally, we have solved the Fekete-Szegt problems for functions in this new subclass. By
specializing the parameters in our main results, we have obtained several new findings.
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1. Definitions and preliminaries

Legendre polynomials [27] are commonly used to solve ordinary differential equations with specific
model constraints. Orthogonal polynomials, including Legendre polynomials, also play a significant
role in approximation theory [17]. One kind of orthogonal polynomials are Gegenbauer polynomials
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that have a special relationship with the generating function and integral representation of real
functions. This connection, as stated in [26], has resulted in various valuable inequalities within the
field of Gegenbauer polynomials.

Quantum calculus, commonly referred to as g-calculus, has drawn the attention of numerous
scholars because of its extensive applicability in physics and mathematics. The g-calculus increases
the effectiveness of the conventional complement approach for various orthogonal polynomials mod-
ules and functions. This connection between the equilibrium states of differential formulas and their
solutions provides an extremely efficient and well-designed technique for examining the character-
istics of individual functions. The pioneers of g-calculus were Euler and Jacobi in the 18th century,
while Jackson [24, 25] further developed and systematically applied g-calculus. Quantum calculus is
necessary for Aral and Gupta [14, 15] to construct g-analogue of the Baskakov and Durrmeyer opera-
tor. Check out [4, 6, 7, 8] for some recent uses of the g-operator.

Yamakawa-type bi-starlike functions have attracted considerable interest in the field of complex
analysis. These functions possess intricate geometric properties, particularly in relation to starlike-
ness. The study of Yamakawa-type bi-starlike functions entails examining their behavior and prop-
erties under different transformations and mappings. This investigation provides valuable insights
into their analytical structure and applications in various mathematical contexts. Extensive research
has been conducted on these functions, exploring integral representations, coefficient estimates, and
other fundamental aspects. This research contributes to the broader understanding of complex func-
tion theory and its practical applications.

Let Arepresent the set of analytic functions ® that are defined in the openunitdisk A={3 e C: |3 | <1}
such that ®(0) =0 and ©’(0) =1. Therefore, each ®e A has a Maclaurin series of the form:

0(2)=3+Ye,3", (JeA) (1)

Also, the set of univalent functions ® € A is indicated by S (for the set S, refer to [20]).

The steady instruments provided by differential subordination of analytic functions are highly
advantageous to the subject of geometric function theory. Miller and Mocanu [28] presented the first
differential subordination problem; [29] offers more references. Miller and Mocanu’s [30], which
includes publication dates, provides a thorough history of the advances in this field.

Every function ® € S has an inverse O! that is defined by

0'(O() =1 (JeA), (2)
and
0 @) =0 (]<n(©); 1,©)>), 3
where
0'@)=0 -a,0° - (a, —2a])0° + (5a,a, —ba, —a,)@* +---. 4)

A function is considered bi-univalent in A if ©(3) and ®'(J) are univalent in A.
Let ) be the set of bi-univalent functions in A defined by (1). For example, the following functions
in the set )

and ©(3) =log 1+

03)= .
) 1-3 1-3

However, the Koebe function, which is familiar to many, is not included in the set }.. There are also
other commonly used functions in A, such as:

23 -2°¢ |
@(3)27 and G)(:l):l_:12
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They are also not members of ).
Askey and Ismail [16] identified a class of polynomials that correspond to the Gegenbauer polynomi-
als in terms of q, where %f]’”(% ,3) is the notation used to represent these polynomials

6V (,3)=3C"(esq)3" (5)
n=0
Chakrabarti et al. [19] identified polynomials based on the following recurrence relations:
G (59) =1,
C(Ge3q) = 2Ll >,
G =2(10, +LT; )5 =, ©

Amourah et al. [13] presented new subclasses using q-Gegenbauer polynomials. In contrast, Alsoboh
et al. [5] presented a new subclass by combining the q-Gegenbauer polynomials with a generalized
neutrosophic Poisson distribution. Fekete-Szego inequalities can be established for these subclasses,
along with the initial coefficient bounds |a,| and |a,|.

Recently, researchers have begun investigating subclasses related to orthogonal polynomials. In
their studies, they have found estimates for coefficients of these functions. However, the issue of
determining sharp bounds for the coefficients |an|, (n=3,4,5,---) remains unsolved, as indicated by a
number of sources (see [1]-[3], [9]-[12], [18], [21]-[23], [31]-[39]).

2. Identify and study the class G)} (((0,055;) (>2,2))
Definition 2.1. A function © € . given by (1) be in the class G (W,ﬁ(qt)(% ,3)) if satisfied

o) o
(=3 +pas.e@) 20 07 @
and
o e o, ®

(1-@)o + £©I, (@)

where i € (%,1],0 <@ <1,6) is given by (5) and g@)=0"(®@) is defined by (4).
We define a new subclass of Yamakawa type by specializing the parameter g as follows:

Example 2.1. For ¢ > 17, we get G),(2,8',) = 51_{? GV (92,8 (¢,2)).

0(3)

' g8@) .
0o+ pne@) &) and L6 (@),

1-p)o +pog (@)

where z,@ € A and g(@) = O (@) is defined by (4).

Example 2.2. For ¢ —1 and @ =1, we get YS; (&' )=:lim gyza,@;“ (>r,3)). Thus feYS.(&)) if
f e and the following subordinations hold: =
e3)
Je'(3)

. g@) .
<@ (3) and a;g'(a;ﬁ@% (@),

where J,@ e A and g@) =07 (@) is defined by (4).
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Example 2.3. For ¢ —1- and @ =0, we get Ny (&)= hmgyz(o & (>¢,0)). Thus Oc N(8.) if ® € ¥
and the following subordinations hold:

e3)

<& (3)and £2Q e @),
3 o

where 2,0 € A and g(@) =07 (@) is defined by (4).
First, let’s provide the coefficient estimates for the class G) (p,@fj)(% ,3J)) as defined in
Definition 2.1.

Theorem 2.2. Let f € ¥, given by (1) be in the class G}, (#2,8.(5¢,3)). Then

21, 1 20,

\/(4[42(1 ~ (3], +[21,)0 + [2F ) - 2(1-[2],0) (1], + [LE))M +(1-121,8) [,

|a2| <

and

0| < iy 210, 1
T a-2,0)° 1-[38],@1

where 2 # —— [2] and o # [3]

Proof. Let ©¢ QJJZ(JO,Qﬁf;)(% ,3)). Then, from Definition 2.1, there exists two functions v , v, such that
v,(0) =v,(0) =0 and |vl(z)| <1, |UQ(CD')| <1 for all J,m € A, after which we may write

6(:) PNO)
(1-2)3 +p30,03) ®y G202 ®)
and
g@) e
(1-P)O + oI @) B 2,1 (@). (10)
From (9) and (10), we have
e(3) _ Y W(. . O 22 4
()3 +£39,60) =1+C"(>r;q)c, 3 + [Cl (r;q)c, + G (e 5q)c; }3 + (11)
and
s@) —1+C0 G q)d@ +[C0 Ges)d, + CF Ges)d? |+ (12)

(1- 9o + pod g@)
Pretty known if
v, (2)| :‘clj +¢,3%+¢,3° +‘ <1, (3 eA)
and
v,@)|=|d@ +d,@" +d@" +--|<1, @e A),
then
|cj|Sl and|dj|S1 for all je N. (13)
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In view of (1), (4), from (11) and (12), we obtain
1- (2], - Da, (3], 2~ Da, +[2], (2], £~ DaZ)D* + -
=1+C"(5r;q)c, + [Cl(” (32;9)c, + C (53 q)ct ] 3% +...
and
1+([2], 2+ Da, + (3], 9 ~Da, + (2~ 3], +[2],) 0 +[2 £*)a iz + -
=1+C (o;@)d@ +[ C (3¢;9)d, + CY e 3q)d} |@” +-+-.
Thus, from equations (11) and (12), we have
1-[2],2)a, =C" (>;9)c,, (14)
(1 -[3],#)a, +[2],0((2], - Da; = C" ¢;q)c, + CY (35 9)cf, (15)
and
-(1-[2],@)a, =C" (;9)d,, (16)
(81,2 - Da, + (2 - (23], +[2] )@ + 2] 2°)a; = C (¢;9)d, + C (>;9)d;. (17)
It follows from (14) and (16) that
c,=—d, (18)
and
2(1-[2], 9 a? =[COGe; )] (2 +d?)
[COGea)]
(122 = W(Cf +d12) (19)
By adding (15) and (16), we get
2(1-([3], +[2]))@ + 2L, 2*)a; = C{” (5;q)(c, + dy) + C (5;9)(c; +df).
Substituting the value of (¢ +d?) from (19) gives that
3
o [Cf")(%?Q)] (c, +d,) @0)
2 2 2
2(1-([3], +[2],)0+[21:0")[ CGesq) | -2(1-[2],8) CF (¢:q)
By applying (13) for the coefficients ¢, and d, and using (6), we obtain
e 211, I J2L1],
a, I<
\/\<4[L]§<1 — (18], +[21,)0+ [2120%) - 2(1-[2],9) (1. + [0 +(1-[2],0) [1]
By subtracting (17) from (15), we get
20 -[3],@)(a, —a3) = C" (3q) (¢, — dy ) + Cy 39) (] — 7). (21)
Then, in view of (18) and (19), Eq. (21) becomes
CY (5 ? W, .
_M(Ci‘z+d2)+m(%_%) (22)

1

b= a0-121, 07 21— [3], )
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Thus by applying (6), we conclude that
2 2
|a3| < 4fu]; 4 21[d], 15 ‘
1-[2l,2)> 11-[3],&]

By takingq —1-, ¢ =0or @ =1, and x € (0,1), we can find the upper bounds for |a,| and |a,| for the
function classes G} (2,9, ), VS (&, ) and N (&').

Corollary 2.3. If ©€ G).(,8")), then

2|L|% 2t

\/4L2J{2(1 50 +4°) + (1 - 20)° (L—Z(L +L2)%2)

|‘7‘2|S

and 2
|a3|< 4 (ux) 2|L|%

< + ,
1-20)° 11-3p|

where @ # 5 and 2 # .

Corollary 2.4. If ©c VS (8',), then
< 2|L|%\/2L%

- \/L—z(L+L2)%2

|a2|
and
|a3| < 4(Lx)2 + |L|%.

’

la,| for the function classes G) (2,8 ) and G), (2,8 ) related with Chebyshev polynomials and
Legendre polynomials, respectively.

Corollary 2.5. If e N (&), then

In the above Corollaries, by fixing : = 1 and =1, we acquire the new approximations of |a,| and

2|L|J{\/2L%

\/(4L2 —2(L+L2))%2 +1

|a2| s

and
|y < 4 () +2]i] 5.

Based on the findings of Zaprawa [40], we will now explore the Fekete—Szeg6 inequality for functions
in G (2,8 (>¢,2)).

Theorem 2.6. Let © € ) given by (1) be in the class gyz(p,@f;)(% ,2)). and u € R. Then, we have
21[e], 15

|a, — ua I< 1-[3],4

4100, 1< 1H@W1,  |u-120(p,1,559),

’ |N—1|SQ(W,%%,CI),

where
A-m[COGeq) ]

H(w) = 5 5 ,
21— ([3], +[2],) + [2]3((02)[01(”(% ;q)] -2(1-[2],2) Cy’(>:q)
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(121, =D (40T 12, 0+ (1-[2],0) @([e] , + [T ) 3¢ - 1] »)\
AL *(1-[3],0) ‘

Q(g,1,72;q9) =1+

1 1
and P#5> £ * 4L

Proof. If ©®€ G)}, (p,(‘ﬁf;)(% ,3)) is given by (1), from (20) and (22) we have

. GG e VG

a; —Ha, = 2(1-[3], 2) (c; —dy)+A-way= 2(1-[3], ) (c;—d,)
A-w[COGes)]

2(1- (3], +[21)@ + 2L [ CVG0) | —2(1-[2],0) €V 6r0)

— OO (5 1 _ 1
=C( ,Q)[[H(U)+2(1_[3]q<@)]c2+(H(,u) 2(1_[3](1[@) ]d2:|a

+

(¢, +d,)

where
A-w[COGg]
21— (3], + (2] +[2E @) CV Ge:0) | —2(1-12],0) € (<:9)

Then, in view of (6), we get

H(u) =

€ (39)
1-[3],4

2|C e |||, [H(w)| 2

b

1
, H ——
Ml 3

‘a3 - uai‘ <
__
21 -[3],#)
Theorems 2.2 and 2.6 lead to the following corollaries, which are similar to Examples 2.2 and 2.3.

Corollary 2.7. If ©€ G).(,®' ) and pn € R, then we have

20|
‘aS—,ua;‘S 1-3p°
dlels R, =112 (@),

|‘U _1| < Q(W,L,%),

where
A-w[CGD ]
201 -5 +40") [ C" (> ;1)]2 —2(1-20)" C (¢;1) ’

(2(@—1)(8L2%2[0+(1—2@)(2(L+L2)%2 —L))‘
45 (1~ 3) ‘

H(u) =

O@,L,x)=[1+

and ({0:&%, ﬁ#%.
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Corollary 2.8. If ©c YS;(8!,) and | € R, then we have

where

‘ - a2‘< —lelse, |,u—1|gQ(1,L’%)’
HEPlal i), -1z 50),
Ca-w[eresn]
’H(,U) - —ZC;L) (}f ;1) R
Q,e,5¢) =[1 - (8L2%2 —(2(e+0*)5> —L))‘

2 2 *
817 ‘

Corollary 2.9. If @ N (&) and u € R, then we have

where

‘ ~ az‘ 21¢] s, |,LL—1|SQ(O,//,%)’
e VI It =1]2Q(0,,5),
1-w[COGe;T
M = w| i (31 |
2[CPGes1) | -2C) (531
9 2 2
Q((),L,%):1+( (L+L )% L)‘

2 2 :
4,72 ‘

Concluding Remark: We have introduced and studied the coefficients bounds associated with a
new subclass gyy_(ﬁ,@m(% 3)) of functions in A. These specific classes of bi-univalent functions are
defined in Definitions 2.1. In this class, we have derived estimates for the Maclaurin coefficients | a, |
and |a,l|, as well as solved Fekete-Szego issues for functions in the subclass QX(JO,@L)(% ). By
spec1ahzlng the parameters, we have obtained several new results. However, obtaining the upper
bound of |an| for n>4; ne N for the subclass gyy_(ﬁ,@f;)(% ,3)) remains an open problem.
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