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Abstract

This paper considers approximate sequences convergent to a common solution to a family of fixed
point problems and convex minimization problems. We found that the lemma used to prove a known
convergence theorem has a gap in its proof, and we obtained a counterexample. Further, we get an
analogous result by substituting the convex combination of finitely many points by the balanced map-
ping.
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1. Introduction

Let C be a nonempty closed convex subset of a Hilbert space H and 7' a nonexpansive mapping of C
into itself. The problem of finding a fixed point of 7" is one of the most important problems in nonlinear
analysis. This problem has been studied by many researchers and applied to many problems.

Let f be a proper convex function of H into ]—o0,o]. The convex minimization problem is defined
as to find a point z, € H satisfying

f(z9) = minf(y)-
yeH
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A resolvent operator of a convex function is important to solve this problem, which is defined by

. 1
7= Argmin{ )+ 15 |
yeH 22

for x e H and A >0; see details [1, 2, 11, 12].
A Hilbert space is a special case of a Banach space, and it is also a special case of a Hadamard
space. In a Hadamard space X, a resolvent operator of a convex function is defined by

;% = Argmin {f (3 + ==, y)z}
VeX 22

for x e X and A >0; see [1] for more details. On the other hand, approximation methods for finding a
fixed point of a nonexpansive mapping and a minimizer of a function in Hilbert spaces and Hadamard
spaces are studied by many researchers; see [1, 7, 8].

In 2018, Lerkchaiyaphum and Phuengrattana [10] introduced a delta-convergence sequence gener-
ated by the convex combination of more than three points in a Hadamard space.

Theorem 1.1 (Lerkchaiyaphum and Phuengrattana): [10] Let X be a Hadamard space, T; a

1

nonexpansive mapping of X into itself for i €{1,2...,N}, and f' a proper, lower semicontinuous, and
convex function of X into [-oo,©] for i €{1,2...,N} such that F = (ﬂZ1FiXTi) m(ﬂilArgmiani) .
Let {o, IneN}L{B, IneN,ie{0,1,...,N}},{y, IneN,i€{1,2,..., N}} c[a,b] <]0,1] such that
YN Bi=Y"yi=1 for neN, and {3} IneNie{l,2,....N}c[0,0] such that 2. —>i'€l0,0 for
1€1{1,2,...,N}. Sequences {x,}, {y,} and {z,} are defined by x, € X and

i n
lnf yeX n

J . x =Argmin{fi(y)+2L)Lid(xn,y)2}fori6{1,2,...,N};
0 0 N ﬁi
= 1- n o .
5 =%, @ 0B @ T
Ny
yn:%?xn@(l—%?)@l—"oﬂxn;

i=1 -+~ /n

xn+1 :anxn ®(1_an)yn
for each ne N, where for {a'|ie{1,2,...,N}} =10,1[ with ZZlai =1 and {y,,Y9,.., Yy < X,

N Y (N =1);

2 o'y, (N22).

iy, = N-1
g-?oc aNyN@(l—aN)@

i=1

Then, {x,} is delta-convergent to an element of F'.

This theorem is proved using a lemma concerning an inequality about the convex combination of a
finite number of points in a Hadamard space. However, the lemma has a gap in its proof, and we found
a counterexample of the lemma; see Section 3.

In geodesic spaces, the convex combination of more than two points is order-dependent. In 2018,
Hasegawa and Kimura [6] introduced another definition of convex combination of mappings which is
order-independent for three or more points, which is called a balanced mapping.

In this paper, we introduce an iterative scheme analogous to that in Theorem 1.1 by substituting
the convex combination of finitely many points by the balanced mapping. The iterative sequence is
delta-convergent to a common fixed point and common minimizer of convex functions.
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2. Preliminaries

Let (X,d) be a metric space and T a mapping of X into itself. The set of all fixed points of T' is denoted
by FixT . A mapping T is nonexpansive if for every x,y € X, the inequality d(Tx,Ty) < d(x,y) holds.
Let f be a function of X into ] —o0,o]. Then, the set of all minimizers of f is denoted by Argmin _5f(y).
Let {x,} = X be a bounded sequence. Then, a point x, € X is called and asymptotic center of {x,} if
the equation

limsup d(x,,x,) = inf limsup d(x,,y)

n—o yeX n—o
holds. the set of all asymptotic centers of {x,} is denoted by AC({x,}). Further, we say a sequence

{x,} 1s delta-convergent to x, if AC({x, }) ={x,} for all subsequence {x, } = {x,}, which is denoted it
A 13 13
by x, —x,.
Let X be a metric space and x,y € X. A mapping y,, of [0,d(x, y)] into X is called a geodesic joining
x and y if y(0) = x, y(d(x,y)) = y, and that d(y(s),y(t)) =|s -t | for all s,t €[0,d(x, y)]. A metric space X
is called a uniquely geodesic space if for every x,y € X, there exists a unique geodesic joining x and y.

We denote the image of y,, by Imy,,. Let X be a uniquely geodesic space. For each x,y € X and ¢ €[0,1],
there exists a unique point z € X such that

d(x,z) =1 -t)d(x,y) and d(y,z) =td(x,y),

which is denoted by z =tx ® (1 —¢)y. Such a point z € X is called a convex combination between x and
y.Foreach x,y,z € X, the set A(x,y,2) =Im y,, WIm 7,, VImy,, is called a geodesic triangle. For each
A(x,y,z) = X, a comparison triangle of A(x,y,z) is defined by the set A(x,y,z) c R? satisfying

d(x,y)=d(x,y),d(y,z) =d(y,z),and d(z,x) = d(z,%).

A point p € Im y; is called a comparison point for p € Im 7,, if d(x, p) = d(x, p). A uniquely geodesic
space is called a CAT(0) space If for all p,q € A(x, y,z) and their comparison points p,q € A(X,7,z) c R?,
the inequality d(p,q) <d(p,q) holds for all triangles in X. A complete CAT(0) space is called a
Hadamard space. In a Hadamard space, the following lemmas hold:

Lemma 2.1 (Baéak, Bridson and Haefliger): [1] Let X be a Hadamard space, x,y,ze X and
t €[0,1]. Then, the following inequality holds:

d(tx ® (1 -1t)y,2)? <td(x,2)* + (1 -1t)d(y,2)* —t(1 —t)d(x,y)>.

Lemma 2.2 (Kirk and Panyanak): [9] Let X be a Hadamard space. Then every bounded sequence
has a subsequence which is delta-convergent to x, € X .

Lemma 2.3 (Dhompongsa, Kirk and Sims): [5] Let X be a Hadamard space and {x,} a bounded
sequence of X. Then the asymptotic center of {x,} consists of one point.

Let X be a uniquely geodesic space and f a function of X into ]—o0,]. A function f is a proper
if the set {x € X | f(x) <oo} is nonempty. A function f is said to be lower semicontinuous if the set
{x eX|f(x)< a} is closed for all @ e R. If f is continuous, then it is lower semicontinuous. A function
f 1s said to be convex if

flax®(1-a)y) <af(x)+(1-a)f(y)

holds for all x,y € X and o €[0,1].
In the following theorem, Bacak [1] introduced a resolvent for convex function in a Hadamard
space. Further, Kimura and Kohsaka [8] considered the properties this operator.
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Theorem 2.1 (Bacak, Kimura and Kohsaka): [1] Let X be a Hadamard space, and [ a proper,
lower semicontinuous and convex function of X into [—oo,]. Let

J, x= Argmin{ F()+ %d(x, y)z}

yeX
for x € X and n>0. Then the following conditions hold:

1. Jnf 1s single-valued;
2. FixJnf = Argminf;
3. Jnf 1s nonexpansive;
4

. The following inequality holds:

A+ wd(J, 2, y)° + pd(J, 2, %) + Ad(J 5, )°
< Ad(JMoc,y)2 + yol(x,JM(y)2
for x,ye X and A,u>0.

In 2018, Hasegawa and Kimura introduced a notion of a balanced mapping and consider its prop-
erties in Hadamard spaces.

Theorem 2.2 (Hasegawa and Kimura): [6] Let X be a Hadamard space, T, a nonexpansive map-
ping of X into itself for i =1,2,...,N such that ﬂfilleTl =0, and {a' :1=1,2,...,N} <[0,1] such that
ilai =1. Let

N
Ux = Argminzald(ﬂX,y)z

yeX i=1

for each x € X . Then, the following hold:

1. U is single-valued;
2. U is nonexpansive;

N
3. FixU =()_FixT;.

Remark 1: Let {x,x,,...,x5} be points in a Hilbert space. Then, for {o; |i€{1,2,...,N}} < ]0,1[ such
that Zilai =1, we know that

N N
ArgminZai |2, -y |F= Zaixi.
yel =1 i=1

Therefore, the mapping U in the theorem above is a usual convex combination of mappings {7}} if
X 1s a Hilbert space.

3. Inequality of convex combination and its counterexample
Let X be a Hadamard space. In 2014, Chidume et.al. [4] claimed the following inequality:
N 2 N N i1
d(@alxi,zj <Y ald(x;,z)" - Y Y a'ald(x;,x;)? (1)
i=1 i=1 i=2 j=1

for ze X, {x,,x,5,...,xy}c X, and {ai lie{l,2,...,N}} c]0,1[ with Zilai =1. However, this inequal-

ity does not hold in general. Indeed, let X be a uniquely geodesic space and Y c X satisfying
Y =[x,,2]U[x,,2] U[x;,2] for x;,x,,%,,2 € X with
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d=d(x,,2) =d(x,,2) = d(x,,2).
Then, Y is an R-tree, and thus it is a complete CAT(0) space [1, 3]. We also have
d(x,,x,) =d(x,,2) +d(z,x,) = 2dandd(x,,x;) = d(x;,x,) = 2d.
Let @, =1/3 for i €{1,2,3}. Then

3 3
1 1 2(1 1 1 2
X =P -x,=—%,DP—| —x,PD—x, |=—x, D—z,
= @n =337 0gn )= in o)

and thus

On the other hand, we have

Zoc d(xl,z) —ZZocad(x

=2 j=1
=L ae 2+ Ld,, 2 + 2 d(, 2) - deex,)? - Ld(x,,x)? - 2 d(x,,x, )
3 1° 3 2 3 39 9 1°7v2 9 293 9 321
ldz—éd?‘—édz—édz
3 9 9 9
:_ld2
3

and hence

[@al x;,2 ] > iaid(xi,z)z —ZZa ad(x;,x

1=2 j=1

It is a counterexample to the inequality (1).

4. Approximation theorem using a balanced mapping

In this section, we introduce an iterative scheme similar to that is Theorem 1.1 using a balanced
mapping of a finite family of resolvent operators and nonexpansive mappings. We prove its delta-con-
vergence to a common fixed point of nonexpansive mappings and minimizer of convex functions in a
Hadamard space.

Theorem 4.1: Let X be a Hadamard space, T, a nonexpansive mapping of X into

1

itself for ie{1,2,....N}, and f' a proper, lower semicontinuous, and convex function of
X into l-w®] for ie{l,2...N} such that F=( FixT)n( Argming/)#2.
Let {o, IneN}{B, IneN,i1€{0,1,..., Ni},{y, IneN,i€{0,1,..., N}} c[a,b] < ]0,1] such that
ZZOB,‘; =ZZO fl =1 for neN, and {),,ib lneN,ie{l,2,..., N}} =[0,0] such that ),ril — A" e€]0,00[ for
1€1{1,2,...,N}. Sequences {x,}, {y,} and {z,} are defined by x, € X and
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J . x, = Argmin{fi(y) + 2} d(xn,y)z} fori €{1,2,....,.N};

il
lnf yeX

n

N
z, = Argmin {ﬁ,?d(xn,y)2 + 2 pdd fixn,y)z};
yeX i=1 n

N
y, = Argmin {y,?d(zn,y)2 + Zy;d(TiZn,y)z};

yeX i=1
xn+1 = anxn ® (1 - an )yn
for each n e N. Then, {x,} is delta-convergent to an element of F'.

Proof. Let pe F. Put
N .
Unx = Argmln{ﬁ,?d(xd)z + Zﬁ:bd(Jﬂ fix’y)Q}
yeX i=1 n
and
N .
V,x = Argmin {;f,?ol(x,y)2 + Zy;d(Tix,y)Z}
yeX i=1

for ne N and x € X . Then, we have z, =U, x, and y, =V z, . Since fixed points of the identity mapping
is the whole space and it is nonexpansive, by Theorem 2.2, it follows that F' = (FixU,) n(Fix V) for
each neN. Since U, and V, are nonexpansive for n e N, we get

d(z,,p)=dU,x,,p) <d(x,,p)
and
d(y,,p)=d(V,z,,p) <d(z,,p) =dU,x,,p) <d(x,,p)
for n e N. Then, we get
d(x,,,,p) <a,d(x,,p) +(1-a,)d(y,,p) <d(x,,p).

Hence {x,} 1s bounded, and {d(x,, p)} 1s nonincreasing. Put ¢, =limn. d(x,,p). By Lemma 2.1, it
follows that

d(x,,,,p)* <a,d(x,,p)” +(1-a,)d(y,,p)* —-a,1-a,)d(x,,y,)*
<a,d(x,,p)* +(1-a,)d(x,,p)’ -a,(1-0a,)d(x,,y,)
<d(x,,p)* -a,(1-a,)d(x,,y,)"

and hence
an(l - an)d(xn7yn)2 < d(xn7p)2 - d(xn+1’p)2'
Since 0<a<a, <b<1 for neN, we have
0<a(l-b)d(x,,y,)” <d(x,,p)* —d(x,.,,p)".
Letting n — o, we have

0<a(1-b)lim d(xn,yn)2 < c; —cf) =0

n—o
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and hence lim,_,, d(x,,y,) = 0. Further, we obtain

and thus

This implies that lim,_. d(y,,p) =

it follows that

N
0 0 2 i
Bld(z,,x,) +Zﬂ d(zn,Jlfon) =B, x, ,x,) +Zﬁnd(Unxn,Jlfl x,)?

and hence

N
1-1) [ﬂfd(zn X, )+ Zﬂid(zn,Jli g X, )2J <@1- t)al(xn,p)2 —t(1- t)d(zn,p)2.

< Byd(z,x,)? +2/3 d(r,J
< /3 (td(zn,x )2 +(1-t)d(p,x, )2 —t(l—t)d(zn,p)z)

+Z[3 (td(zn,Jl lxn) +(1-0d(p,J |

(ﬁod(zn,x ) +Zﬂ d(z,,J

+(1—t)(ﬂ

¢, =lim d(x,,p)

n—o

=liminf d(x,,p)

n—o0

<liminf (d(x,,y,) +d(¥,,Dp))

n—o0

=liminf d(y,,p)

n—oo

<limsup d(y,,p)
n—o

<limsup d(x,,p)
n—o0

=lim d(x,,p) = ¢,

n—o

¢, <liminf d(y,,p) <limsup d(y,,p) <c,.

n—o0 n—»o0

)2

llf" n

=1

[ﬁod(zn,x )? +Zﬂ Az, %) ]

+(1—t)[ﬁ

=1

=1

[ﬁod(zn,x )? +Z/3 d(z,,J Lflxn)

Dividing by 1 —¢ >0 and letting ¢ \ 0, we get

x Y —t(1-t)d(z

vd(p,x,)” +2/3 d(p, Jﬂ %)’ J—lf(l—t)d(zn,p)2

x,)?

)'lfl n

%d(p,x,)* +Zﬂ,‘;d(p,xnf}—t(l—t)d(zn,pf

c,-Let ¢ €[0,1] and put r =¢z, ® (1-t)p. By the definition of {z, },

J +(1- t)al(xn,p)2 —-t(1- t)d(zn,p)2
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N
0 2 i 2
Brd(z,.x,) +;ﬂnd(zn,Jﬂifixn>
<d(x,,p)* -d(z,,p)"
<d(x,,p)* —d(y,,p)*.

Since O<a£ﬂ,‘; <b<lforneN andie{l,2...,N}, we get

0< ad(zn,xn)2 < Bod(z X )2

<pld(z,,x,)? +Zﬁ d(z,,J ; .x,)*

ll fl n
<d(x,,p)* —d(y,,p).
Letting n — «, we get

0<alim al(zn,xn)2 Scf, —cf, =0

n—oo

abd hence lim,_» d(x,,2,) =0. Fix je{1,2,...,N} arbitrarily. Then,

x )? _ﬁjd(z J . x)

J] n n i
n

N
= Zﬁrlld(zn ’ Jli fi Xy )2

< Brd(x,.z,)* +Zﬂ d(z,. x,)

=1

0<ad(z,,J

<d(x,,p)* —d(y,,p)*.

Letting n — o, we have

OSa}Ljigd(zn ﬂf]xn) _c —c =0

y an) 0. Then, it follows that
dx,,J . .x,)<d(x,,z,)+d(z,,J ;. x,).

jgion jgion
2Wf 2

and thus lim,_., d(z,,J

Letting n — «, we get lim, ., d(x,,J ; .x,)=0. By Lemma 2.1, we have

] jn
G+ 204600 WA 2,00 4 R 05,)°
<Ald(J i x,,x,)> + A d(x,,J y ]xn)
and hence
2
(2 +)J)d(J g n,JAjfjxn)

<A = A)d(J x,)? + (A = A)d(J

2
A fi X, %,)

%) G =A%) + (P, )

x,)+ 4(/1,{ - lj)d(xn,p)z.

Jf] n’

<A = A)Hd(J

<A = AN)d(J

JJ n’
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.x ) =0. Then, we get

Letting n — o, we have lim,_,. d(J Aifi x,,J 2 %n

d(x,,J Ny %) <d(x,, ”xn)+d(Jﬂfan,Jﬂf] x,).
Letting n — o, we get
}Ll_{{lod(xn’JyJ x,)=0.

Put ' =ty, ®(1-t)p. By the definition of {y }, it follows that

N N
1ed(3,,2,)" + D 1 d(3,,T2,)" =7,d(V,2,,%,)* + 3 7,d(V,2,,Tz,)’

=1 i=1

N
<yd(c',z,)* + ) yid(@' Tz,)"

i=1

<y, (td(y,,2,)" + (1 -)d(p,z,)* =t(1 -)d(y,, p)*)

N
+ D 7 (td(y,, Tz,)" + 1-0)d(p,T;z,)* - t(1 - t)d(y,,p)*)

=1

N
= t(%?d(yn,znf + Zyid(yn,ﬂzn)Zj

=1

N
+(1- t)(}/,?d(p,zn)z + Z}/id(p,ﬂzn)2J ~t(1-0)d(y,,p)’

=1

N
< t(?/,?cl(svn,zn)2 + Zy,id(yn,Tizn)Z]

=1

N
+(1- t)(y,?d(p,zn)2 +> 72d(p.z,) J ~t(1-t)d(y,,p)*

=1
N
< t(y,?d(yn,zn)z +> 7nd(y,.Tz,) J +(1-1)d(z,,p)* —t(1-t)d(y,,p)’
i=1

and hence

N
(1- t)(}/,?d(yn 2,)" + Zyid(yn,ﬂzn)2J <(1-1)d(z,,p)* -t(1-t)d(y,,p)*.

i=1
Dividing by 1 —¢ > 0 and letting ¢ \ 0, we get

N

70d(y,,2,)" + D yhd(y,,Tiz,)* <d(z,,p)* = d(y,,p)* <d(x,,p)* —d(y,.p)".

i=1

Since 0<a < yfl <b<lforneN andie{l,2...,N}, we get
ad(y,,2,)" <y, d(y,,2,)*
<y,d(3,,2,)" +Zynd<y,,,Tz )?

=1

<d(x,,p)* —d(y,,p)".
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Letting n — oo,

0<alim ol(yn,zn)2 Sci —cf, =0

n—o

and hence lim,_,.. d(y,,2,) =0. Fix j'€{1,2,...,N} arbitrarily. Then,

ad(y,.T;z,)" <7, d(yn,Tz )?
< Zyid(yn,Tizn)Z

=1

<y d(y,,2,)" +Zynd(yn,Tz )?

=1
<d(x,,p)* -d(y,,p)".

Letting n — o, we have

0<alim al(yn,Tj,zn)2 Sci _CZ =0

n—o

and thus lim,_,« d(yn,Tj,zn) =0. Then, 1t follows that
d(z,,T;z,)<d(z,,y,)+d(y,,T;z,).
Letting n — o, we get limn. d(2,,T;2,) = 0. Further, we have
d(x,,Tyx,)<d(x,,z,)+d(z,,T;z,) +d(T,z,,Tx,)
<d(x,,z,)+d(z,,Tz,)+d(z,,x,) >0
as n — . Therefore we get

lim d(x,,T;x,) = 0.

n—o

Take {xnk}c {x,} arbitrarily. Since {xnk} is bounded and Lemma 2.2, there exists {xnk } < {xnk}
1

A
such that X, —X€ X . Since J i 1s nonexpansive, we have
1
<
lnﬁswup d(x JA] %) hr}:swup (d(x , AJﬂxnk )+ d(Jﬂf} . A]fjxo))
_hmsupd(J 2 ”kl’leffj xy)

>

<limsup d(xn ,Xg)-
- l

. . . . N . i
By Lemma 2.3, we get J/ljfjx0 =x,. Since j €{1,2,...,N} is arbitrary, we get x, € ﬂizlArgmme . By
the nonexpansiveness of T, we get

lim sup d(x ,Tyxy) < limsup (d(x Tj,xnk )+ d(Tj,xnk sT'hxy)
1 1

> >

-

=lim sup d(Tj,xn Thx,)
ky

<limsup d(xn 2 %)
) l
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By Lemma 2.3, we have x; =T,x,. Since j'e€{1,2...,N} is arbitrary, we have x, € ﬂilFixT and

1

hence x, € F'. Since {x, } is bounded, we can put AC({x,}) =1{x;} and AC({xnk 1) ={x5}. Then, we get

limsup d(x,,x,) = hm d(x, ,x,)

n—o > l

—hmsupd(x ,Xg)

> l

<limsupd(x, ,x;
> l

<limsup d(xn ,Xg)

k—o0

<limsup d(xn , %)
k—o©

<limsup d(x,,x;) < limsup d(x,,x,)
n—o0 n—0

A
and hence x, = x; = x7. Therefore, x, —x, € F and complete the proof.
By Remark 1 and Theorem 4.1, we can prove the following corollary in a Hilbert space.

Corollary 4.1: Let H be a Hilbert space and C a nonempty closed and convex subset. Let T, be a
nonexpansive mapping of C into itself for ie{l1,2,,...,N}, and f' a proper, lower semlcontmu-

ous, and convex function of C into ]—o,0] such that F=(ﬂileixTi)m(ﬂi:lArgmian)7&@.
Let {a,|IneN},{B IneN,ie{0,1,...,N}},{y, IneN,i€{0,1,2,..., N}} c[a,b]c[0,1] such that
SN Bi=Y"yi=1 for neN, and {AlIneN,ie{l,2,..., N} 0,0 such that A — A" )0, for
1€1{1,2,...,N}. Sequences {x,}, {y,} and {z,} are defined by x, € C and

J . = Argmin {}”(y) +

i i%n
lf yeX

Zn _ﬁnxn+z l,[‘n ilfl Xps

Yo = V02, + ZyiTizn;
=1
xn+1 = an‘xn + (1 - an)yn

20 |, - }forie{l,Z,...,N};

for each n e N. Then, {x,} is weakly convergent to an element of F'.
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