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Abstract
The correct outline of the brain tumour in magnetic resonance imaging (MRI) is an essential process in 
the neurosurgical planning process, radiation therapy, and longitudinal monitoring. The framework 
suggested in this paper combines deep learning with nonlinear partial differential equation (PDE)–
based optimization in high-precision tumour boundary segmentation of multi-modal MRI scans. A 
convolutional neural network (CNN) is initially trained to give an initial approximate tumour and 
neighboring edema tissues segmentation mask. Second, a level-set module is a PDE-based level-set 
module, which is driven by nonlinear energy minimization, to refine the boundary, hence imposing 
smoothness and retaining fine structural information. The optimization parameters are adjusted in 
an adaptive manner by a deep reinforcement learning optimizer to learn control policies of the PDE 
energy weights to allow capturing patient-specific variability. Extensive trial on publicly accessi-
ble multi-modal MRI brain tumor datasets reveal that the framework proposed achieves significant 
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enhancement in Dice similarity coefficient (DSC) increase of 4.7 percent as well as decreased 95th-
percentile Hausdorff distance (HD95) relative to state-of-the-art deep-learning segmentation on its 
own. Corrupted input and missing modality robustness tests demonstrate little performance drop 
(DSC decline less than 1.8 percent). This shows that the combination of deep learning and nonlinear 
optimization can be used to successfully present accurate and clinically reliable brain tumour bound-
ary detection.
Mathematics Subject Classification (2020): 68T07, 92C55
Key words and phrases: brain tumor segmentation, deep learning, nonlinear optimization, level-set 
PDE, MRI, boundary delineation

1. Introduction

The brain tumours are still one of the most difficult to examine in neuro-oncology because of their 
heterogeneous appearance, diffuse borders, and location relative to the critical areas of the brain. 
Proper definition of the volume of the tumour in MRI images is required in planning treatment, 
surgeries, radiation and longitudinal monitoring. Although a variety of MRI modalities, such as T1, 
T1-contrast, T2, and FLAIR exist, the segmentation task has a significant computational complexity 
due to the multimodal fusion, which increases the data dimensionality as well as variability [6],[7]
[8],[11]. Manual annotation remains the gold standard in clinical practises, however, it is slow, labo-
rious and likely to be inter-observer variable particularly in tumour subregions which are difficult to 
sub-define like enhancing cores, necrotic tissue and infiltrative edoema [1], [4],[5].

Deep learning has emerged as the method to perform brain tumour segmentation dominating 
the classical machine-learning and hand-crafted feature-based methods with major improvements. 
Encoder-decoder architectures, attention-based models, and hybrid CNN-transformer designs have 
good representational ability, but still fail in incomplete tissue contrast, low-resolution boundary 
regions, irregular tumour morphology, and missing modalities cases [3], [14], [15]. These models 
tend to produce a rough prediction with blurred tumour interfaces, which restricts the reliability of 
such models in clinical use where accuracy under one millimeter is needed around eloquent areas 
of the cortex [10],[16],[17]. Despite the fact that multimodal fusion and attention processes have 
mini-mized ambiguities, the accuracy of boundaries is still not suitable to be incorporated in 
neurosurgical procedures.

In order to supplement data-driven models, a variety of methods rely on classical principles of 
image-analysis, e.g. active contours, level-set evolution, or variational PDEs. These techniques impose 
smoothness, regularity of curvature and shape priors that do not emerge naturally in deep learning 
[9], [18]. Nonetheless, PDE-based segmentation is sensitive to parameters and a set of fixed weights 
cannot generalize to different patients with varying tumour phenotypes. The traditional PDE models 
have been hampered by parameter sensitivity, slow convergence, and a low level of flexibility; thus, 
they do not reach a level of usage in automated pipelines [19]. There is recent evidence that coarse DL 
output can be used in combination with PDE-based refinement to achieve the benefits of both data-
driven and geometry-aware techniques in terms of boundary precision [2],[12],[13].

Regardless of these improvements, there are still two gap areas of research. To start with, little has 
been done concerning automatic tuning of PDE energy weights to suit a patient which is necessary to 
adjust to heterogeneity in tumours. Second, most studies do not fully assess the performance of the 
boundary-specific measures of performance - e.g. HD95 or contour error or systematically examine 
robustness in the presence of missing modalities, noise corruption or variability in intensity. The cur-
rent paper fills these gaps by suggesting a hybrid segmentation model, which threatens a CNN-based 
coarse segmentation model with a PDE-based boundary refinement model, and an optimizer based 
on reinforcement learning, which changes the weights of PDEs dynamically depending on the quality 
of segmentation. This method enhances the accuracy and strength of boundaries with a high level of 
computing efficiency. The rest of this paper covers the literature involved, methodology of the study, 
quantitative research results and finally the future research directions.
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2. Related Works

The development of automatic brain tumour segmentation in MRI has developed significantly due 
to the development of deep learning that has performed well on multimodal benchmark datasets. 
Extensive surveys reveal that CNNs, U-Nets, and recent hybrid designs have dominated the recent 
research field and perform significantly better than old-fashioned machine-learning models on large-
scale public datasets like BraTS [3], [11]. The development of the attention mechanisms, residual 
feature extraction, and the vision transformers have further enhanced the deep-learning-based 
seg-mentation, but still, issues of irregular tumour shapes, variations in tumour subregions and 
unreli-able availability of the modality have remained a challenge [14], [15].

The issue of boundary refinement is still a critical part of tumour segmentation since the 
small errors in boundary are transferred into inaccuracies in the treatment planning. Those seg-
mentation schemes based on optimization which use active curves, systems of curvature-based 
level-set evolution, or variational PDE models include geometric regularization and attraction 
gradient terms that enhance delineation that occurs near tumour margins [9], [18]. Research has 
suggested that solutions based on PDEs have the capability of improving the sharpness of the 
boundaries yet are generally difficult to put into place in automatic systems because tuning of 
parameters by hand and relying on extensive experimentation is required to obtain stable evo-
lution [19]. The restrictions encourage combinations between deep-learning and classical PDEs 
with coarse anatomical localization of deep-learning results and fine-tuning of the contour by 
classical PDEs [20].

It has been observed that hybrid segmentation models that incorporate deep learning and opti-
mization modules have received interest to enhance robustness, generalisation, and boundary accu-
racy. Recent developments indicate that shape priors, multi-scale features, and regularisation terms 
result in a more consistent segmentation of various tumour grades and MRI acquisition regimes . 
Nevertheless, one of the weaknesses of hybrid approaches is that the existing methods do not have 
adaptive processes to dynamically adjust the weights of energy in PDEs or regularisation parame-
ters on a patient-specific basis. Also, studies of robustness usually consider Dice scores only, with no 
boundary-specific measures or performance in the cases of corrupted modality, motion artefact, or 
noise perturbation. This paper mitigates these deficits by incorporating a reinforcement learning to 
optimise refinements and estimating the robustness of segmentation into the pipeline. All in all, the 
literature suggests that it is clear that deep learning achieves a good global segmentation, however, 
geometric refinement and adaptive optimization are necessary to attain clinically reliable tumour 
boundaries delineation.

3. Methodology

3.1 Overall Hybrid Architecture

The suggested segmentation architecture combines deep learning, variational PDE refinement and 
reinforcement learning-based parameter adaptation into a single end-to-end framework that aims at 
achieving high tumour boundary accuracy. The pipeline starts with the inputs of multimodal MRI 
images that are T1, T1ce, T2, and FLAIR images, which are preprocessed using skull stripping, reg-
istration, N4 bias correction and intensity normalization that enable a set of images to have spatial 
and contrast consistency across patients. Table 1 summarizes the nature of the BraTS 2021 dataset 
utilised in the present research. The resultant of this preprocessed input is then fed into a 3D residual 
attention U-Net whose architectural design is described in Table 2 to produce an initial probability 
map P(x,y,z) which is thresholded at 0.5 to get a coarse segmentation mask M coarse (x,y,z).

The same framework can be used to refine these initial boundaries by solving a level-set PDE for-
mulation that shapes up an implicit contour ϕ(x,y,z)towards the true tumour boundary by minimizing 
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Table 1: Characteristics of the BraTS 2021 Multi-Modal MRI Dataset
Attribute Description
Dataset source Brain Tumor Segmentation Challenge (BraTS 2021)
Number of subjects 1,251 (Training: 1,000+, Validation/Test: official split)
Imaging modalities T1, T1-Contrast (T1ce), T2, FLAIR
Image dimensionality 3D volumetric MRI
Typical resolution 240 × 240 × 155 voxels
Voxel spacing 1 mm × 1 mm × 1 mm (isotropic)
Tumor subregions Enhancing tumor, tumor core, peritumoral edema
Ground-truth annotation Expert manual delineation by neuroradiologists
Preprocessing steps Skull stripping, co-registration, N4 bias correction, intensity 

normalization
Evaluation protocol Held-out test set with subject-wise evaluation

an energy functional consisting of curvature regularization and region based terms. The PDE evolu-
tion follows:
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In order to perform a better mathematical completeness and stability analysis, the evolution employed 
in implementation may be put in its expanded region-based form:
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and κ is curvature, and cin,cout are the average intensities within and without the deforming boundary, 
respectively. Such a formulation makes boundary smooth, and its contour is aligned with local inten-
sity patterns defining tumour areas.

The PDE level-set formulation applied in this paper is mathematically based on the variational 
formulation of region-based active contours, and may be seen as a generalisation of the classical 

Table 2: Network Architecture of the 3D Residual Attention U-Net
Stage Layer Type Kernel Size Feature Maps Output Resolution
Input Multi-modal MRI (4 channels) — 4 240 × 240 × 155
Encoder-1 Residual Conv + Attention 3×3×3 32 240 × 240 × 155
Down-1 Max Pooling 2×2×2 32 120 × 120 × 78
Encoder-2 Residual Conv + Attention 3×3×3 64 120 × 120 × 78
Down-2 Max Pooling 2×2×2 64 60 × 60 × 39
Encoder-3 Residual Conv + Attention 3×3×3 128 60 × 60 × 39
Bottleneck Residual Conv Block 3×3×3 256 30 × 30 × 20
Decoder-3 Up-Conv + Skip Connection 2×2×2 128 60 × 60 × 39
Decoder-2 Up-Conv + Skip Connection 2×2×2 64 120 × 120 × 78
Decoder-1 Up-Conv + Skip Connection 2×2×2 32 240 × 240 × 155
Output 1×1×1 Convolution + Sigmoid 1×1×1 1 240 × 240 × 155
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ChanVese energy with adaptive weighting. The proposed formulation is able to use both dynamically 
defined, through reinforcement learning, dynamic parameters and the terms of intensity, in contrast 
to the standard contour evolution, which involves fixed region means and curvature forces, allowing 
the contour to attenuate smoothness and boundary attraction according to local image properties. 
This provides numerical stability among the heterogeneous tumour textures especially in areas with 
noise, motion artefacts or low contrast. Moreover, the curvature term ensures that the topological 
aspect is flexible, which enables the model to give multiple disconnected tumour components in a 
natural manner without any re-initialization. This theoretical foundation makes the PDE refinement 
step significantly stronger and the reason of its steady boost in performance compared to pure CNN-
based segmentation.

The system uses a tuner that builds upon the basis of reinforcement learning in order to adjust the 
PDE weights μ, λ1, and λ2. A state vector is noticed by the agent.

st t t t� �� ��� � �DSC HD1 1 1 1 295, , , , ,� � �� � �

and outputs an action

at � �� ��� � �� � �, , ,1 2

which modifies the parameters of the PDE, which is followed by the next refinement step. The Bellman 
equation is the rule of learning:

Q s a r Q s at t t a t, , ,� � � � � ��
� �� max 1

with the reward defined as

rt t t t� � �DSC HD95 2� �� .

This process will cause contour evolution to be dynamically responsive to tumour morphology, and 
changes in noise and intensity variations. Figure 1 demonstrates that the overall process of CNN 
prediction, PDE refinement and RL-based adaptation is fully integrated and Figure 1 illustrates 
how the modules communicate with each other.

3.2 CNN Training Behaviour and Convergence

Carse segmentation network is trained on a composite loss function, which concurrently optimizes the 
amount of overlap and the accuracy of the tumour contour:

LCNN DSC HD95� �� � � �� �1 .

The dataset is trained on the architecture outlined in Table 2 with Table 1, and trained over 300 
epochs on volumetric batches of two and an initial learning rate of 1x10 -4. The data augmentation 
is used such as intensity scaling, random flipping, elastic deformations and noise perturbations to 
enhance the generalisation and resilience to modality corruption and intensity distortions.

The curves of training and validation of DSC curves show a smooth convergence with the trends 
gradually rising with increase in epochs proving that the CNN is able to steadily learn tumour 
specific features. Figure 2 displays these convergence trends, which proves a consistent learning 
behaviour before refinement by PDE is realized.

The hybrid optimization objective is made up of the deep-learning, PDE and RL components:
L L Ltotal CNN PDE RL� � �� �R ,

where η and ρ regulate the input of geometric refinement and reinforcement learning reward, 
respectively.
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Figure 1: Overall architecture of the proposed CNN–PDE–RL hybrid segmentation framework.

Figure 2: Training and validation DSC curves of the CNN module demonstrating convergence 
across epochs.

3.3 Experimental Setup and Computational Configuration

All experiments were conducted on a workstation that has an NVIDIA RTX 3090 graphics card (24 
GB VRAM), 64 GB RAM, and Ryzen Threadripper 3960X processor. It is implemented with Python 
3.10, CNN training with PyTorch 2.1 depends on a CUDA-accelerated C++ PDE solver and an envi-
ronment based on the OpenAI Gym compatible with reinforcement learning. It takes CNN an average 
of 1.1 seconds to process one volume and PDE refinement with RL parameter adaptation adds 1.2 
seconds, which makes the total of the two-process time about 2.3 seconds per subject.

The DQN employs a 50000-transition replay, an epsilon-greedy exploration policy that decays to 
0.1, a network update every 500 steps and a discount factor =0.99 value. The convergence to a stable 
point of the RL module occurs around 35,000 interactions with the environment. Stabilization of 
rewards and consistency of parameter update convergence in the RL policy is shown in Figure 3, 
and reliable learning dynamics are observed in the weight adaptation module.

4. Results and Discussion

We tested the suggested hybrid segmentation structure on the held-out test split of the BraTS dataset 
(n=43), and we compared three configurations namely, (i) baseline 3D U-Net, (ii) U-Net and fixed-pa-
rameter PDE refinement, and (iii), the proposed U-Net+ PDE + RL tuner. The performance was 
measured in terms of Dice Similarity Coefficient (DSC), 95th percentile Hausdorff Distance (HD95), 
sensitivity, specificity, and under missing-modality conditions in terms of robustness. The overall 
quantitative findings are summarized in Table 3, where all the metrics are improving in the fully 
adaptive framework.
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Their increase is also statistically significant: a paired Wilcoxon test between the 43 subjects gave p 
< 0.001 in DSC and p < 0.005 in HD95 in comparison to the proposed approach to the baseline U-Net. 
These results show that the PDE-based geometric optimization as well as the RL-tuned adaptive 
weighting scheme are beneficial to both accuracy of the boundary as well as global tumour overlap. 
Figure 4 shows how the DSC values are distributed among the subjects, reflecting on a smaller 
inter-quartile range and higher median of the proposed method and its lower variability with 
increased reliability amongst different tumour morphologies.

The same tendency is noticed when comparing metrics that are related to the boundaries. Figure 
5 shows HD95 distributions in the form of box-plots. The proposed approach has a median HD95 of 
4.8 mm as opposed to 8.2 mm of the baseline and fixed-weight PDE. This finding supports the finding 
that the RL-based weight adaptation improves the contour evolution by modulating the effect of the 
curvature-based regularization and the intensity terms based on the input quality. In noisy scans, 
motion artefact or low contrast, the RL module has a tendency to smooth the regularization param-
eter μ, which leads to smoother and more stable boundary propagation; where on the other hand, in 
high contrast cases, λ1 and λ2 were adjusted to get closer boundary alignment of the tumour edges.

The test was done with robustness testing where the simulated missing-modality testing was con-
ducted mainly without the FLAIR sequence, which is an important observation needed to visualise 
edema. Figure 6 illustrates that the baseline U-Net dropped by -4.6 percent DSC in the FLAIR-
missing scenario, and the drop decreased to -3.9 percent DSC in the fixed-weight PDE refinement 
scenario. The hybrid approach that was suggested maintained the performance with a downgrade of 
performance of only -1.1% DSC, which showed the resistance to incomplete modality layouts. Such a 

Figure 4: Dice score distribution across methods.

Figure 3: Reinforcement learning tuner convergence showing reward stabilization across iterations.
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Figure 5: Hausdorff 95% Distance comparison across segmentation strategies.

robustness is explained by the fact that the RL agent can notice deterioration in the quality of seg-
mentation and dynamically transform PDE parameters to compensate.

The connection of each component is further explained through ablation analysis. Table 4 shows 
the findings of the gradual addition of PDE and RL. Whereas PDE refinement itself caused HD95 to 
increase through a reduction in irregularities at the boundary, the most significant improvements in 
DSC and contour-level accuracy were achieved when the RL module is used to adjust the adaptive 
tuning. This highlights how individual patient-modulation of the parameters is necessary to balance 
morphological differences across tumour subregions, tissue contrast variations and noise.

The quantitative findings are supported with qualitative inspection. In four representative cases, 
that is, highly infiltrative tumours, irregularly shaped enhancing cores, and low-contrast peritu-
moral edema, the proposed method produced smoother boundaries, anatomically meaningful, and not 
over-segmented into healthy tissue. The boundary alignment about the enhancing tumour core was 
always stiffer compared to the one generated by baseline models. The regularization of the adaptive 
PDE equation enabled the framework to progressively regularize noisy or low-significant regions, 

Figure 6: Robustness under missing-modality (FLAIR-absent) scenario.

Table 4: Ablation Study: Contribution of Each Module
Configuration DSC HD95 (mm) ASD (mm)
Baseline U-Net 0.857 8.4 1.51
+ PDE (Fixed) 0.879 6.7 1.22
+ PDE + RL (Proposed) 0.904 5.1 0.97
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avoid contour leakage, and reduce regularization in well-defined regions, enhancing the fine structure 
resolution.

The reinforcement learning tuner was found to be very sensitive to patient characteristics. The 
average deviation in μ, λ 1 and 2 was found to be within the range of 12 per cent between cases and 
thus the model could be said to have been successful in doing personalized optimization rather than 
using the given constant parameters. This individual modification is more effectively utilised when 
dealing with cases whose tumour textures are heterogeneous or the modalities absent or intense 
variations.

In terms of computational performance, the hybrid model added extra overheads in terms of the 
PDE iterations and RL forward pass, which raised the processing time (1.1 seconds per volume) of the 
baseline to about 2.3 seconds per volume. Although this is increasing, the overall time of inference is 
appropriate to offline clinical processes and post-processing radiology pipelines. Future optimization 
may help make RL inference cheaper such as by using lightweight actor-critic models or distilled 
versions of DQN.

Altogether, the suggested CNN-PDE-RL hybrid segmentation system shows evident increase in 
accuracy, boundary accuracy, robustness, and patient-specific adaptability. The findings prove the 
significance of geometric refinement and adaptive optimization in brain tumour segmentation and 
the possibility of the extension of the algorithm to segmentation of multi-class tumour subregions or 
real-time intraoperative MRI.

The analysis of ablation was done to determine the contribution of each element in the hybrid 
pipeline. It is always found that the CNN gives excellent coarse segmentation, the PDE refinement 
gives better adherence of the boundary by trying to fix the irregular contours, and the RL tuner gives 
the maximum incremental gain by allowing to adapt the parameters to the patient. Interestingly, 
the removal of the RL module led to a decrease in DSC by 2.5 to 3.0 percent and increase in HD95 by 
1.4 to 1.9 mm, which is in line with the fact that fixed geometric weights fail in the generalisation of 
various tumour phenotypes. These results indicate that deep learning in combination with geometric 
optimization and adaptive parameter tuning are the key to the reliable and clinically meaningful 
tumour delineation.

5. Conclusion

The paper presented a hybrid brain tumour segmentation framework, which combines deep learning, 
variational level-set optimization and reinforcement learning-based parameter adaptation, to pres-
ent a high-quality and robust tumour boundary delineation in multimodal MRI scans. The suggested 
approach is based on the 3D coarse prediction with a residual attention U-Net, and the refinement of 
the boundaries with PDE, as well as adaptive tuning of the weight of the DQN agent, and the result 
is the system consisting of data-driven representation learning and geometry-aware evolution of the 
contours.

The experimental findings on the BraTS dataset show that the hybrid method is significantly better 
than the deep learning implementation of the baseline approaches and fixed-parameter PDEs. The 
framework had a mean DSC of 0.904 as opposed to the baseline model of 0.857, and the mean HD95 
decreased by half to 5.1 mm, which demonstrated improved accuracy of the boundaries and mini-
mized segmentation error. It was also found to be very resilient in the situation of missing-modality, 
and the introduction of such conditions resulted in a performance decrease of less than 2 percent DSC, 
which demonstrates high resilience to clinically problematic situations when some MRI sequences are 
unavailable or damaged. This increase in performance was significantly contributed by the reinforce-
ment learning element, which changes the PDE parameters per-case whereby the evolution of the 
contours could respond to changes in the tumour texture, image noise, and contrast.

The results indicate that a combination of adaptive geometric refinement and deep learning can 
help significantly increase the accuracy of tumour boundaries, which the CNN-based segmenta-
tion models can be current, frequently generating smooth edges but inaccurate ones. Because of its 
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precision, strength, and computational efficiency, the framework suggested has a high likelihood of 
integration into neuro-oncological processes, radiotherapy planning process, and computer-assisted 
diagnosis systems.

Further research will involve enhancing real-time performance of the intraoperative MRI inte-
gration, expanding the framework to multi-class segmentation of tumour subregions, e.g., necrosis, 
edoema, and enhancing tumour, and consider other optimization strategies such as graph-cut refine-
ment, variational inference and adaptation of parameters by meta-learning. Future testing on exter-
nal data and future clinical trials will be useful in confirming its generalizability and willingness to 
be used in the real-world.
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