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Abstract
In the one-dimensional Euclidean space, it was shown that there exists a self-similar set with a sin-
gle-point intersection that does not satisfy the open set condition (OSC). In the present paper, we 
prove the existence of a self-similar set with analogous properties in which all mappings are of the 
form Si(x) = qix + ai with qi > 0.
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1. Introduction

Let S = {S1, ...., Sm} be a system of contractive similarities in the Euclidean space n� . According to 
Hutchinson’s theorem, there exists a unique nonempty compact set K satisfying the invariant equa-

tion 
1

( )
m

i
i

K S K
=

=∪ , which is called the attractor or the self-similar set generated by the system S. The 

system S satisfies the open set condition (OSC) if there exists a nonempty open set O such that Si(O) 
⊂ O and Si(O) ∩ Sj(O) = ∅ for all i ≠ j. The open set condition was introduced by Moran in [5] in 1946 
and became widely known after the work of Hutchinson [3] in 1981. In particular, the open set condi-
tion holds if the system S satisfies the strong separation condition, under which the first-level copies 
Si(K), i =1,2, ...., m, are pairwise disjoint. A minimal weakening of this condition requires that any 
two distinct copies of the attractor have at most one point in common. Such a condition yields systems 
with a single-point intersection, and the most minimal case occurs when, in the system S, only two 
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prescribed copies have a nonempty intersection consisting of exactly one point. In [7], an example of 
a totally disconnected perfect self-similar subset of the interval [0, 1] was constructed, in which the 
copies Ki and Kj are oppositely oriented and intersect at a single point, namely Si(1) = Sj(0) = max Ki = 
max Kj. 

In the present paper, we construct an example of a system on the interval [0, 1] that has the prop-
erty of a unique single-point intersection, consists of mappings oriented in the same direction, and 
does not satisfy the open set condition.

Theorem 1.1. There exists a system S of contractive similitudes in � for which the following conditions 
hold:

1) All mappings of the system S are oriented in the same direction;
2) The system S does not satisfy the open set condition;
3) The copies of the attractor intersect at a unique point, which is the image of the fixed points of 

two mappings of the system S.

2. Preliminaries

Definition 2.1. Let S = {S1, ...., Sm} be a system of contractive similarities in n� . A nonempty compact 

set K is called a self-similar set or the attractor of the system S if 
1

( )
m

i
i

K S K
=

=∪ . 

Let I = {1, ...., m} be the index set of the system S. Denote by *

1

n

n

I I
¥

=

=∪  the set of all finite words 

1 ni i=i �  over the alphabet I, which we call multiindices. The set {1,2, , }I m¥ = ¼ � is called the index 
space, and its elements are denoted by 1 2 , k Ia a a a= Î� . The mapping : I Kp ¥ ®  is called the index 

map; it assigns to each element of I ∞ the corresponding point 
1

1
n

n

x Ka a

¥

¼
=

=∩  of the attractor K. For a 

multiindex j = j1  j2 ..., jn, we use the notation 
1 nj jS S S= ° °j � , and we denote the image of the attractor 

K under the mapping y  bS Kj j. For two multiindices *, IÎi j , we write i j  if there exists a mul-
tiindex k ∈ I* such that j = ik, that is, i is a prefix of the word j. Given a vector of contraction 
coefficients 1( , , )mq q q= ¼  with 0 < qi < 1, a metric qr  is defined on the space of infinite sequences 

by ( , )qI qa br a b¥
Ù=  (see [2]), where a bÙ  denotes the longest common prefix of the sequences a and 

b. We denote the space I ∞ endowed with this metric by 
q

Ir
¥ . Let dim

qq Hs Ir
¥= . Then, according to [2, 

Theorem 6.4.3], this quantity qs  is determined as the solution of the Moran equation 
1

1q
m

s
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i

q
=

=å .

Definition 2.2. We say that the system S satisfies the open set condition (OSC) if there exists a non-
empty open set nÌ �  such that ( )iS Ì   for all 1, , ,i m= ¼  and ( ) ( )i jS SÇ = Æ   whenever i j¹ . 

Let 1 *{ , }|S S I-= Îi j i j . We say that the system S satisfies the weak separation property (WSP) if 
the identity map Id is an isolated point of the set F [8]. If the system does not have WSP, then it does 
not satisfy OSC, but the opposite is not true.

Definition 2.3. The system S is said to satisfy the single intersection property (SIP) if #( ) 1i jK KÇ £  
for all i j¹ .

General Position Theorem. We state the general position theorem proved in [1]. Note that in 
what follows, we will use a simplified version of this theorem, which is sufficient for solving the prob-
lems considered in the present work. 
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Theorem 2.4. Let 1 1 2 2( , ),  ( , ),   ( , )DD L and Lr r r  be metric spaces. Let 1 1( , ) : nx D Lj t ´ ® �  and 
2 2( , ) : nx D Lj t ´ ® �  be continuous functions such that

(1) there exist constants C > 0 and a > 0 such that 
( , ) ( , ) ( , )i i ix x C x x aj t j t r¢ ¢- £

for all , 1,2,D it Î =  and all , ix x L¢Î ;

(2) there exists a constant M > 0 such that for every , 1,2,i ix L iÎ =  and all 1 2, Dt t Î , the function 

1 2 1 1 2 2( , , ) ( , ) ( , )x x x xF t j t j t= -

satisfies the inequality 
2 1 2 1 1 2 1 2( , , ) ( , , ) ( , ).Dx x x x MF t F t r t t- ³

Then, for the set 1 1 2 2: { : ( , ) ( , ) },D L LD t j t j t= Î Ç ¹ Æ  the following estimate holds:

1 2dim ( )dim min ,dim .H
H H

L L DD
a

´ì ü£ í ý
î þ

Lemma 2.5. Let S = {S1, ...., Sm} and S′ = {S′1, ...., S′m} be systems of contractive mappings in a metric 
space ( , )X r  with attractors K and K′, and with index parametrizations : I Kp ¥ ®  and : ,I Kp ¥¢ ¢®  
respectively. Assume that V XÌ  is a compact set such that ( )iS V VÌ  and ( )iS V V¢ Ì  for all i IÎ . 
Then, for any Ix ¥Î , we have 

( ) ( )( ), ,
1

R
r

r p x p x¢ £
-

where ( ) ( )( ),
max , , max{Lip ,Lip }.i i i ix V i I i I

R S x S x r S Sr
Î Î Î

=¢ ¢=

3. Construction of a family of self-similar sets with a single-point intersection in �

Let p ∈ (0.003,0.015). We introduce a family of contractive similarities in �, depending on p, denoted 
by Sp = {S1, ...., S6}, which are defined by the following equations:

1 2 3 4

5 6

1 6 1 1( ) , ( ) ( ) , ( ) ,
56 56 8 7 2 56 2

5 55( ) , ( ) .
36 6 56 56

x x xS x S x S x p x S x

x xS x S x

æ ö= = + = - + = +ç ÷è ø

= + = +

K1 K2

K3

K4
K5 K60 1

Figure 1. Schematic configuration of the first-level copy Ki in the attractor Kp.

Denote the attractor of the system Sp by Kp, and denote its first-level copies by Ki = Si (Kp), i = 1, ..., 6. 
By the construction of the system, among the copies Ki, only K3 and K3 have a nonempty intersection. 

Note that z1 = 0 is the fixed point of the map S1, and 5
6
7

z =  is the fixed point of S5. Moreover, 

3 5 4 1
1: ( ) ( )
2

z S z S z= = = . We aim to show that for almost all p ∈ (0.003,0.015), one has 3 4 { }K K zÇ = . In 

this case, Sp is a system with a single-point intersection.

Lemma 3.1. For the system Sp, the weak separation property does not hold for any p.
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Proof. Let 4 1 2 3 5 6( ) ( ) and ( ) ( )m n
m nG x S S S x G x S S S x= = . We show that there exist sequences {mk} and {nk} 

such that 1
k km nG G- °  converges to the identity map Id.

A direct computation yields 

2 1
1 1 1( ) , ( ) .

56 8 56 2 56 36 8 36 2m nm m n n

x px pG x G x+ += + + = + +
× × ×

Since log56
log36

Ï�, it follows from [4, Lemma 7] that for any p > 0, there exist sequences {mk} and {nk} 

such that 1
36lim

56
k

k

n

mk
p+®¥

= . Consider the sequence
1 2

1 56 56 56( ) .
836 8 36

k k

k k k k

m m

m n n n
p pG G x x

+ +
- ° = + -

×
Then 1 ( )  as 

k km nG G x x k- ° ® ® ¥. Hence, Id is not an isolated point of the family F.� 

4. A system Sp with a single-point intersection

In the proof of the equality 3 4 { }K K zÇ = , we rely on the general position theorem. Let 

3 4{ (0.003,0.015) : { }}.p K K zD = Î Ç ¹

Clearly,

( ) ( )1 1 1 5 5 5
0 0

{ } \ { } \ ,m n
p

m n

K z S K K z S K K
¥ ¥

= =

= È = È∪ ∪

and hence

( ) ( )3 3 5 5 4 4 1 1
0 0

{ } \ , { } .n m

n m

K z S S K K K z S S K K
¥ ¥

= =

= È = È∪ ∪ 

Then 3 4 { }K K zÇ =  if and only if for all , {0}m n Î È�  and all \ {1}, {5}i I j IÎ Î   one has 
4 1 3 5( ) ( )m n

i jS S K S S KÇ = Æ. Accordingly, we may write 4 1 3 5{ (0.003,0.015) : ( ) ( ) , \ {1}, \ {5}}m n
i jp S S K S S K i I j ID = Î Ç ¹ Æ Î Î

4 1 3 5{ (0.003,0.015) : ( ) ( ) , \ {1}, \ {5}}m n
i jp S S K S S K i I j ID = Î Ç ¹ Æ Î Î . For 1 5, ,\p px K K y K KÎ Î   define 1 4 1 2 3 5( , ) ( ), ( , ) ( )m n

i jp x S S S x p y S S S yj j= = . In 
this setting, we need to estimate the Hausdorff dimension of the set ∆ and show that dimH ∆ < 1.

First, we verify condition (1) of Theorem 2.4. 
Let {1,2,3,4,5,6}I ¥ = �. Denote by Lip , 1 6i iq S i= £ £  the Lipschitz constants of the mappings in the 

system Sp. For the vector (q1, ...., q6 ), we define a metric ( , )qr x h  on the space I ∞, and denote by 
q

Ir
¥  the 

index space I ∞ endowed with this metric. Since p < 0.015, we have dim 0.46
qH Ir

¥ < .
Consider the index map :

qp pI Krp ¥ ® .

Lemma 4.1. ([4, lemma 18]) The map :
qp pI Krp ¥ ®  is Lipschitz. 

Proof. Let ,
q

Irx h ¥Î . Assume that their longest common prefix is 1 2 ki i ix hÙ = � . Then, by the definition of 
the metric, 

1 2
( , )

kq i i iqr x h = � . There exists a word kIÎi  such that xi  and hi . Consequently, the points 

( ) and ( )p pp x p h  are contained in the set ( )pS Ki . Since 
1 2

Lip( )
ki i iS q=i � , we obtain 

( ) ( )
1

( , )
p p

q

p x p h
r x h

-
< .

� 

By Lemma 4.1, it follows that condition (1) is satisfied for the mappings ( )4 1 ( )m
i pS S S p x  and 

( )3 5 ( )n
j pS S S p h , where , .

q
Irx h ¥Î
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We now verify condition (2) of Theorem 2.4.
It is clear that if 4 1 3 5( ) ( )m n

i jS S K S S KÇ ¹ Æ  for {1}i IÎ   and {5}j IÎ  , then ( ) ( )4 1 3 5[1 / 8,1] [55 / 56,1]m nS S S SÇ ¹ Æ
( ) ( )4 1 3 5[1 / 8,1] [55 / 56,1]m nS S S SÇ ¹ Æ. This condition is equivalent to

1
1 1 1 1,1 , .

56 8 36 8 7m n

p
+

é ù é ùÇ ¹ Æê ú ê úë û ë û

Consequently, we obtain the inequality

1 1
7 36 8 36 .

8 56 56

n n

m mp+ +

× ×£ £
×

This inequality allows us to determine for which ,m n Î� the copies 4 1 1( )m
pS S K K  and 3 5 5( )n

pS S K K  
may intersect.

Lemma 4.2. For any Ix ¥Î  and any 1 2, (0.003,0.015)p p Î , we have 

( ) ( )
1 2 1 2 .p p p pp x p x- £ -

Proof. In the system, only the mapping S3 depends on the parameter p. More precisely,

1 23, 3, 1 2 1 2
6 6 6( ) ( ) .
7 7 7p pS x S x p x p x p pæ ö æ ö

ç ÷ ç ÷è ø è
- £

ø
- £ - - -

Consequently, 
1 2, , 1 2,

6max ( ) ( )
7p

i p i px K i I
S x S x p p

Î Î
- £ - . By Lemma 2.5, this implies that 

1 2 1 2( ) ( ) 0.89 .p p p pp x p x- £ -

� 

Lemma 4.3. Let {1}i IÎ   and {5}j IÎ  . Define the mappings ( ) ( )1 4 1 2 3 5( , ) ( ) , ( , ) ( )m n
i p j pp S S S p S S Sj x p x j h p h= =

( ) ( )1 4 1 2 3 5( , ) ( ) , ( , ) ( )m n
i p j pp S S S p S S Sj x p x j h p h= = , where ,

q
Irx h ¥Î . Then, for all ,

q
Irx h ¥Î  and for any 1 2, (0.003,0.015)p p Î , the following 

estimate holds:

1 1 2 1 1 2 2 2 1 2( , ) ( , ) ( , ) ( , ) .p p p p C p pj x j h j x j h- - + ³ -

Proof. Let Î Î {1}, {5},i I j I  and let , Ix h ¥Î . Define ( ) ( )1 21 2( ) , ( )i p i px S x Sp x p x¢= = , ( ) ( )1 21 2( ) , ( )j p j py S y Sp h p h¢= =

( ) ( )1 21 2( ) , ( )j p j py S y Sp h p h¢= = . Clearly, 1 2 1 2 1 2 1 20.89 , 0.89 .x x p p y y p p- £ - - £ -
Consider

1 24 1 1 3, 5 1 4 1 2 3, 5 2

1 2 2 2 1 1 1 21

1 2 2 2 1 1 2 1 1 21

1 1 2 2 2 1 1 21

( ) ( ) ( ) ( )

1 1 6( ) ( ) ( )
56 36 7 36

1 36 6( ) ( ) ( ) ( )
36 56 7

1 6 36( ) ( )
36 7 56

1 0.1
36

m n m n
p p

m n n

n

n m

n

n m

n

S S x S S y S S x S S y

x x p y p y p p

x x p y y y p p p p

y p p p y y x x

+

+

+

- - + =

- + - + - =
×

- + - + - + - ³

æ öæ ö- - - - - - ³ç ÷ç ÷è øè ø

( )1 2 1 2 1 2
0.0925 0.03 .
36np p p p p p- - - > -

� 
Lemma 4.4. The system Sp has the single-point intersection property. 
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Proof. Let 4 1 3 5{ (0.003,0.015) : ( ) ( ) }m n
ij i jp S S K S S KD = Î Ç ¹ Æ . Consider the mappings 1 4 1 2 3 5( , ) ( ( )), ( , ) ( ( ))m n

i p j pp S S S p S S Sj x p x j h p h= =
1 4 1 2 3 5( , ) ( ( )), ( , ) ( ( ))m n

i p j pp S S S p S S Sj x p x j h p h= = , where \ {1}, \ {5} and ,
q

i I j I Irx h ¥Î Î Î . Since all the assumptions 
of Theorem 2.4 are satisfied for the mappings 1 2an d j j , we obtain dim 2dim

qH ij H IrD ¥£ . Taking into 
account that 

,

,ij
i j

D D=∪
it follows that

,
dim supdim 2dim 1.

qH H ij H
i j

IrD D ¥£ £ <

Consequently, 4 1 1 3 5 5( \ ) ( \ )m nS S K K S S K KÇ = Æ  for almost all p.� 

Theorem 4.5. If the system Sp has the single-point intersection property, then dimH Kp = s, where s is 
determined as the unique solution of the equation

1 14 1.
56 36

s s
spæ ö æ ö+ + =ç ÷ ç ÷è ø è ø

Proof. The proof of the theorem is analogous to the proof of [7, Theorem 9].� 

Conclusion

In this paper, we have constructed a one-dimensional system of contractive similitudes that provides 
an example of a self-similar set with a unique single-point intersection while failing to satisfy the 
open set condition. In contrast to previously known constructions, all mappings in our system are 
oriented in the same direction.

The proof of the single-point intersection property relies essentially on the general position the-
orem, which allows us to control the exceptional set of parameters and to show that, for almost all 
values of the parameter, the intersection of the corresponding copies of the attractor consists of exactly 
one point. Moreover, we establish that the weak separation property does not hold for the constructed 
system.

This example demonstrates that the single-point intersection phenomenon may occur even in the 
absence of the open set condition and without changing the orientation of the similarities.
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