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Abstract

This paper aims to investigate certain notable classes of k-ideals of bi-semirings such as 0-prime,
1-prime, and 2-prime. Twenty sufficient and necessary conditions are established for unique type
k-1deals to be type prime k-ideals in bi-semiring. A 7! — KId (72 — KId) in a bi-semiring was shown to
correspond to a prime 7' — KlId (prime 72— KId) in bi-semiring whenever it is either O-prime 1-prime
or 2-prime. There are numerous necessary and sufficient conditions for a 7' — KId (7% — KId) to be
a T"— PKId (7% - PKId). We show that when its complement is a 7-system (z;), 7" — KId (7" — KId)
is T — PKId (7 - PKId). There exists a 7' — PKId (7?— PKId) 8 such that g N © = ¢ and A C P for
every T"'-KId (7% - KId) A in, where A N 0 = ¢ where O is 7;-system (z3-system).
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1. Introduction

Semirings were first introduced in earlier research on the topic of ideals of rings. In terms of struc-
ture, semirings fall between rings and semigroups. Since a semiring is a generalization of a ring,
it can be found in rings but not in semigroups. The study of rings demonstrates that, in contrast to
the multiplicative structure of a semiring, the multiplicative structure of a ring is independent of its
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additive structure. The introduction of ideals for algebraic numbers and their subsequent application
to associative rings were initially proposed by Dedekind. Ideals are important in the study of ring
structures, and semirings are no exception. But compared to rings, semirings have very distinct prin-
ciples. Many outcomes in rings have no equivalent in semirings, as evidenced by the absence of sub-
traction in semirings. An effort to make up for this lack of remove is the concept of k-ideal. Numerous
investigations have been conducted since the advent of k-ideals [1, 2]. By extending results from
rings and semirings and utilizing results from those earlier papers.

Dauns [3] studied one-sided prime ideals and prime right ideals of a ring. A number of conclu-
sions on prime right ideals in a weakly regular ring were presented by Hansen [4]. There are several
approaches to characterize prime ideals in semirings [5]. Sen et al. [6] attained this by using k-ideals
to characterize a semiring. Based on semirings, Nandakumar [7] developed three different types of
prime ideals. A system (S, +, 0, -, 1) is a (commutative) semiring if (S, +, 0) is a commutative monoid,
(S, ;, 1) is a commutative monoid, 0 -x =0 =x-0 for all y € S, and “” distributes over “. k-ideals are
ideals in semirings that have the very clear characteristics of ideals of rings: if x + y € I and y € I,
then y € I. These ideals play an important role in semirings when additive inverses are present. The
class of k-ideals is a more constrained class of ideals in semirings. These ideals have the characteris-
tic that a subset of R is a k-ideal if and only if it is a ring ideal if the semiring R is a ring. The class of
h-ideals is another class of ideals. In this study, we present a bi-semiring theory for 7" — PKIds that
coincides for three different PIds. We examine the relationships between the concepts associated
with various PIds and 7' — PKIds. A few of their features are analyzed, empha-sizing the differences
between various Plds and their 7' — PKId equivalents. Sen et al. [6] discussed the categorization
of semirings into bi-semring. We summarize numerous key concepts from the literature that are
applied to semirings and bi-semirings in Section 2. Section 3 discusses the classification of Type-1
prime k-ideals and m-systems of bi-semirings. Section 4 describes the classification of Type-2 prime
k-ideals and m-systems of bi-semirings.

2. Basic concepts

Definition 2.1. The algebraic system (3 «,, x,, «,) is represent a bi-semiring if (3, «,) (3, «,) and (3,
x,) are semigroups connected by § «, 0 o« 0) = (#f x, b) &, (} x, 0) (f x, b) x,0=(# , ) x, 0 x, 0) #f ,
b, 0) = x,b) ox, (## x,0) (fx,b) x;0=( x,0) , (b x,0), V4D, o€ 3 Thatis (3 x,, x,, ) is a
bi-semiring if (3 x,,) is a T — semiring and (3 x,x,) is a T”— semiring.

Definition 2.2. Let V and k be the subsets of (3 «,x,x,). Then their products V « k={gp x, 0lgo € V
and0 €k} Vo, k={ppx,0lgp € Vand 0 € k} and V «, k= {§ «, O|gop € V and 0 € k}.

Definition 2.3. The subset V in 3 is represent a T'— RId (T"— LId) in 3 if 0, x, 0, € Vand 0, x, g €
V(g x,0, €V) for each 0,0, € V and g € 3. The subset V in 3 is represent a T"— Id in 3 if it is both
T'— RId and T'-LId in 3.

Definition 2.4. The subset V in 3 is represent a T?— RId(T*— LId) in 3 if 0, x,0,€ Vand 0, x,g € V
(g x, 0, € V) for each 0,0, € V and ¢ € 3. The subset V in 3 is represent a T*— Id in 3 if it is both T*
—RId and T?- LId in 3.

Definition 2.5. The subset V in 3 is represent a RId(LId) in Z if it is both T'— RId(T'— LId) and T?—
RIA(T?— LId) in 3. The subset V in 3 is represent a Id in Z if it is both T'— Id and T?*-1d in 3.

Lemma}.G.ﬂForqany subsets R and J of 3, which are closed under the operation “ «”. Then R x J C
RxTCICcRxcIcRT

Definition 2.7. An ideal V in a semiring S is represent a k-ideal if p € Vg€ Sand g + g€ V imply
ge V.

Definition 2.8. The k-closure operation on semiring S is C,(V) = {go € S| g + ¢ € Vfor some ¢ € V}.
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3. Classification of Type-1 prime k-ideals and m-systems of bi-semirings
Definition 3.1. The subset R of 3 is represent a

() T'-RI(T'-LId)ifgx,neRandgx,s €ER(sx,g€R) Vg neNRands e 3.
@) T°-RId(T*- LId) ifgx,n € Randcx,s ER (sx,g€R) Vg, neRands € 3.

Lemma 3.2. (i) The T' —RId generated by “¢" is < ¢> ={n ¢ln € Z'} U {g x, 3}.
(it) The T'— LId generated by “¢” is <¢>,={n«, gln € Z'} U {3 x,g}.
(iit) The T*— RId generated by “¢" is <¢>, = {n «, ¢l n € Z*} U {g , 3}.
(iv) The T*—LId generated by “¢” is<¢>,={n «, gln € 3"} U {3 x,g}.
(v) IfVisaT'-Id in 3, theni isaT'— KId in 3.
(i) If Visa T'-Id in 3, thenV =V if and only if Vis a T'— KId.

Definition 3.3. () The T" — KId ‘B is represent a T'— PKId if R «x,J C P < R C P or J C*P for the
T'— Klds R and J in 3
(it) The T'— KId B is represent a 0-T'— PKId if R x, TC P <> RCPor T CP for the T'— Ids R
and Jin 3
(ii1) The T'— KId ‘B is represent a 1-T'— PKId if R x, TC P <> RC P or I C*P for the T — Klds R
and T*—1d 3 in 3.

Theorem 3.4. If B is a T'— KId in 3, then following conditions are equivalent.

@) B is T'— PKId.

() gx,3x,NCPSaecPoryeP.

@) (@), x, (), CPB>aePorye’p.

(v) Ifthe T'—TRIds R and Jin 3, then R, TCP S RCPor T CP.

v) (@) x, (b)) CP S aePoryeP.

(vi) IftheT'—IdsRandJin 3, then Rx,ICP>RCPorT CP.

(vii) Ifthe T'— Klds R and Ids Jin 3, then R, TCP > RCPor T CP.
(viit) Ifthe T'—Ids R and Klds Jin 3, then R x, T CP >R CPor T CP.
(ix) Ifthe T'— RldsRand Jin 3, then Rx, T CP >R CPorT CP.

(x)  Ifthe T'— RKIdsRand Jin 3, then Rx, JCP > RCPorJ CP.

(xi)  Ifthe T'— RKIds Rand T'— Rlds J, then R, TCP > RCPorJ CP.
(xit) Ifthe T'— RIds R and T'— RKIds J, then R x, TCP >R CPorl CP.
(xiit) Ifthe T'— Llds R and Jin 3, then R, JCP S RCPorJ CP.

(xiv) Ifthe T'— LKIds R and Jin 3, then R, JCP S RCPorJ CP.

(xv) Ifthe T'— LKIds R and T'— LIds J, then R, T TP <> RC P or T CP.
(xvi) Ifthe T'— LIds R and T'— LKIds J, then R x, JCP > RCPorJ CP.
(xvii) Ifthe T'— RIds R and T'— LIds J, then R x, T CP <> RCPor T CP.
(xviit) If the T'— RKIds R and T'— LKIds J, then R x, T TP <> RC PorJ CP.
(xix) Ifthe T'— RIds R and T'— LKIds J, then R x, TCP <> RCPor T CP.
(xx) Ifthe T'— RKIds R and T'— LIds J, then R x, T TP >R CPorJ CP.

Proof. To prove the equivalence,

() = @) < @) < () < (V1)

() = @) = (V) < (V) < (vid)

il) & () & () & (V) S (i) < (vidd)

(viil) < (xi) < (x) & (1) < (@) < (V) < (Vi) < (ix)

(%) & @@ < @) < @) < (v) < (vir) < (vir) < (x)
x)) & (x) = (1) o 1) = (v) & (Vi) & (viit) & (x11)

(xil) & (%) & (1) © (i) & (V) © (Vi) & (xiiD)(xiii) < (xiv)
(xiv) & (@) < (1) < (V) < (Vi) < (Vi) < (xv)
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(xv) & (xiv) & (1) & (1) & (v) & (Vi) & (viil) & (xvi)
(xvi) & (xiv) & (1) & (i) < (V) < (Vi) S (xviD)

(xvil) & (xx) & (xvitd)(xviii) & (1) & (Vi) & (xix)
(xix) & (@) & (V) & (). @) < @) < (V) < (V) < (Vi) < @)
(vi) & (viti) & (xii) & (x) < (D)

i) & (1x) = (x)(vi) < (vii) S (x1) < (x)

(Vi) & (vitl) & (xvi) & (xiv) < ()

(V1) & (x111) & (xiv)(vi) & (viD) & (xv) & (xiv)

(xvi) & (xiv) & (1) & (vi) & (xviD)

(xvii) & (xx) & (xviit)(xviii) < (i) © (vi) & (xix)
(xix) & (@) & (vi) & (xx).

(@) = (ii) : Let P be a PWKId. If e , 3 «, v C ‘B, then 3 «, € ¢, 3 x, 3 x,Vx, 3 C 3 , € x, 3 x,V X, 3
C3o,Pox,3CP.

By Lemma 2.6 3o, ¢, 3 o, 3%, 7 <5 3 CP. Hence, 3o, 6c, 3 C P or 3¢, ¥ <5 3 CP. Assume Z
x,€x,3CP, then@a2®a2®§ 3o, £y 3 & (g) CP. Hence, € € B. Similarly 3%, 7 3 3 C B
SR R= (2

@) = (v) : If () «, (y) € B, then € «, 3 , v C (€) x, () € P. By (ii) e € P or vy € P.

(v) = (vi) : Let R and J be the 7"~ Ids in 3, then R, T C P. f R € P, thene € R\ P. For any v € T
(€) x,(PVCERx,TCP < ~eP. Hence, T CP.

(vi) = (vit)(vit) = (i)(vi) = (viit)(xii) = (x) are direct.

(viit) = (xit) : If the T'— RId % and 7" — RKId J in 3, then R «, J C P but R ¢ P, then ¢ € R\ P. For
any « € J and by Lemma 3.2 (¢) &, () € (R «, J) U (3 x, R, J) C‘B. By Lemma 3.2 and Lemma 2.6
(e) x, (’\{) C (&) <y () € *B. Then by (viin) v € ‘B V~NeTd Hence JCP.

(UL):> (ix) : Let R and J be the T" — RId of 3, then R o<, T C P. If T € P, then 6 € T \ *B. For any y € R
and by Lemma 3.2 (y) «, (§) C R x, ) U 3 x, R x, J) g B. Then by (vi) x € B. Hence, R C ‘L.

(ix) = (x) and (xi) = (x) are direct.

(x) = (i) : If the T"— RKIds R and J in 3, then R «, J C P but R ¢ P, then e € R\P. For any v € J and
by Lemma 3.2 (¢), x, (1), CR x, T C P.

By Lemma 2.6 @ x, (), € m x, (), € ‘B. Hence, by (x) J C ‘.

(vii) = (xi) : If the T'— RKId R and 7" — RId J in 3, then R «, T C P but R ¢ P and J ¢ P, then w
€ R\PandveTI\P. Then () x, (v) C R x,T) U (3 x, R x,T) CP and by Lemma 2.6 (v) x, (v) C
(a)) , (v) € B, which contradicts (vu) Hence, (xz) holds.

(viiz) : (xvi) : If the T'— LId R and 7' — LKId J in 3, then S)% x, JC P with T ¢ B, then~ye€ T\ P.
For any e € R and by Lemma 3.2 (¢) x, () C(R x, J) U(R «, J «, 3) C‘P. By Lemma 2.6 (¢) , () C
(&) ¢y () € P. Hence, by (viii) R C P.

(xv1) = (xiv)(xiv) = (i)(xiti) = (xiv) are direct.

(vi) = (xit7) : If R and J are the 7" — LIds of 3, then R, T C P but R € P and T € P, then y € R\ P
and 6 € J\ B. By Lemma 3.2 (y) «, (6) € (R x, I) U (R x, T «, 3) € P, which contradicts (vi). Hence,
(xzi7) holds.

(vit) = (xv) : If the 7" — LKId R and 7" — LId Jin 3, then R «, J C ‘P
any w € R and by Lemma 3.2 (0) «, (V) C R x,T) U (R x, T «, 3) C
(@) , (v) C PB. Hence, by (vii) R C P.

(xv) = (xtv)(xvit) = (xx)(xx) = (xviii) and (xviii) = (i) are direct.

(vi) = (xvii) : If the 7" — RId R and 7" — LId I in 3, then R «, J C P with R ¢ P, then e € R \ P. For
any v € J and by Lemma 3.2 () &, () SR o, HU R x, T x, ) U B x, Rex, T U (3 x, Rx, T x, 3) C*P.

(€) &, () =((nox,€) U(eox,3) U3 ex,e) U3, e, 3)) o, ((mo,y) Uy, 3) UG o,y UG,y x,3))
CMR«, J)U(D‘ioc x, 3)U(30< R, J)U(30< R, T, 3)
CPUP x,3) U@, ‘B)U(30< ‘J3<>< 3)
C 3.

with 3 ¢ B, then v € I\B. For
L. By Lemma 2.6 (0) «, (v) C
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Hence, by (vi) I C ‘B.
(Vi) = (xix) : If the "= RId R and 7" — LKId Jin 3, then R, TC P but T € B, then $ € I\ P. For any ¢ €
R and by Lemma 3.2 (0) x, ) CRx, NUR x, Tx, ) UQB x, Rx, N U B x, Rx, T, 3) C*P. Now

(€) &, (V)= ((n x, €) U(ex,3) U@ x,e) U3 x,ecx,3)) o, (Mo, ) Uy, 3) U3 o, ) U3, x, 3)
CAR,INURx, Tx,3)UQBx,Rex, T U3 x,Rx, T, 3)
CPUPBx,3IUGx,PuU@Gx,P,3)

C‘B.

Now

@ x,® =((nex, 0 U(ex,3) VB x,0 U@ x,0x,3) «,(m«,0)U(x,3) V) U@ x,ex,”Z)
CR,INUMRx,Tx,3)UBx,Rex, T U B x,Rex,T x, 3)
CPUPBx, UG x,PB)UG e, P, 3)
CB.
Hence, by (vi) ;R C .
(xix) = (7): 1s direct.
(vi) = (xx) : If the T'-RKId R and 7" — LId Jin 3, then R, T C P but R € P and T € P, then e € R
NP and~yeT\P. By Lemma 3.2 (€) , (Y C R ex, NURx,Tx,3) U3 x,Rex, T) U (3 x,Rex, T x,
3) C B, which contradicts (vi). Hence, (xx) holds.

Definition 3.5. The subset O of 3 is represent

(1) T-systemifg, n €0 andexists s€ 3 S ¢ x, s x,n €O.
(i) v-system if g, n € O and exists s € (g), n «, () < ¢ x,n € O.
(i17) T2-system if ¢, n € O and exists s € (¢), n x, () = ¢ x, n € O.
Lemma 3.6. The T" — KId B is a T'— PKId if and only if B is a t}(t’t))-system.

Proof. Let B be an T" — PKId in 3 and € «, v € P°. Then by Theorem 3.4 € «, 3 «, v € B. Then there
exists y € 3, then e , y , v € . Hence, P is a t}-system. For € , ~ € B by Theorem 3.4 (vii) and (x)
(¢) x, () € P and (¢) x, ) ¢ ‘B. Then P* is a t%-system and t}-system respectively.

Conversely if there exist 7" — Klds R and J, then R o, T C P but R ¢ P and T £ B, then e € R\ P and
v €T\ P. Hence, € x, € P S €, v, € P for some €, € (¢) and ~, € (), which contradicts R «,T C P.
Remark 3.7. The Example 3.8 asserts that there are T'— Klds , which are not T'— PKIds.

Example 3.8. Consider the bi-semiring 3 = {li, h, A, §, <, V}.

< || |Alp|> | V||, | |8 |A]l@p|<]|V
hlbh|r|Alp|> | v ||| 85[0 ]8][8]H4
Alala| Aoy |la|lb|a|Alr|A]A
AIA|A|IA| Y |V ||A|B|A|A]|R|A]A
plep|lp|lv i[>V | el p|>|p|>|D>
> | |>|>|>|<||l>|l|p|>|lp|>|D>
Viviviv|ivip | V||| |b|lp|>|p|>]|>

<, || r|Alp|>]|V

hlbh | |Alp|> ]|V

Al | A |Alg@|>|V

Al Bl A |A] Y D>]|YV

Pl | |Alp|> |V

>l 0| a|Ale|>|V

vib|ar|Alp|> |V
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Clearly {1} {8, hi{l, h, A} and {0, h, g} are the T'— Klds but {8, h, A} x,{, h, o} =, h}. But i, h, A} &
{8, A} and {8, h, g} € {6, h}. Hence, {§, h} is a T'— KId but not a T'— PKId.

Theorem 3.9. If R is an T' — KId of 3 and O is a t}-system of 3, then R N O = ¢, then there exists a
T*— PKId B3 of 3, then B N O = ¢ with R C *P.

Proof. Let R be a T'— Kld in 3 and let O be a t2-system in 3, then R N O = ¢. Now the set J = {I|[is
an T'-KIdR CJand J N o =¢}. Let R, CR, C R, ... be any chain in J. Let X = UR.. Clearly Ris a
T'—KId in 3 and X N O = ¢. By Zorn’s lemma, J has contains maximal element ‘3. Assume there are
T'-Klds ¢ and Vin 3, then U «, VC&BbutL[;t_iBandV;t_iB, thengeU\‘BandQE Y\ B. Hence, B
cPu (Q) and ‘43 cCBuU (g) By max1mal property, P2 € (Pu (Q)) Noand e (PuU (19)) N ©. Then there

exists 77 € (T1) and 7} € (12) then 77 «, 77 € 0. Now

BU@«,BUE)=PU P, U@ P U,
CPUPUPUU,V)
cp

By Lemma 2.6 (%) «, (2) C (;) o, (r,) C . Hence, p N D # ¢, which is contradiction to 8 N D = .
Hence, P is a T'— PKId of 3.

Corollary 3.10. If R is an T' — KId of 3 and O is a Tti-system (t}-system) of 3, then R N O = ¢, then
there exists a T*— PKId P of 3, then P N O = ¢ with R C *P.

4. Classification of Type-2 prime k-ideals and m-systems of bi-semirings

Definition 4.1. (i) The KT*— Id B is represent a PKT?— Id if R «,J C P <> R CPor I C*P for the
KT?’-IdsRand Jin 3
(it) The KT*—1d B is represent a 0-PKT?*— Id if R x, T C*P < R CPor T CP for the T>— Ids R
and Jin 3
(iit) The KT — Id B is represent a 1-PKT?*— Id if R x, T C P > R C P or J C P for the KT?— Ids R
and T?—-1d J in 3.

Theorem 4.2. If B is a T?— KId in 3, then following conditions are equivalent.

@) B is T*—PKId.

(1)  ex,3 x,~CPimplies either e € P or ~ € ‘P.

@) (o), «, (”f)m C B implies either ¢ € P or '\{ € L.

(iv)  For the T®*— TRIds R and Jin 3 R «, J C*P implies either R C P or T C L.

() (e) x, () C P implies either ¢ € P or v € P.

(vi) Ifthe T?—Ids R and J in 3, then R «, J C ‘P implies either R C P or T C P.

(vit) If the T*—Klds R and Ids J in Z, then R «, J C P implies either R C P or J C*P.
(viit) If the T*— Ids R and Klds J in 3, then R «, J C P implies either R C P or J C ‘L.
(ix) Ifthe T*— RIds R and J in 3, then R «, J C ‘P implies either R C P or T C P.

(x)  Ifthe T®— RKIds R and J in 3, then R «, J C ‘P implies either R C P or T C P.

(xi)  Ifthe T®— RKIds ‘R and T*— Rlds J, then R «, J C P implies either R C P or J C*P.
(xii) If the T®— RIds R and T?— RKIds J, then R «, J C P implies either R C P or J C*P.
(xiii) If the T*— LIds R and J in 3, then R «, J C P implies either R C P or T CP.

(xiv) If the T*— LKIds R and J in 3, then R «, J C P implies either R C P or J C P.

(xv) Ifthe T®— LKIds R and T?— LIds J, then R «, J C P implies either R C*P or J C*B.
(xvi) Ifthe T®— Llds R and T*— LKIds J, then R «, J C P implies either R C*P or J C*B.
(xvii) If the T*— RIds R and T”— LIds J, then R «, J C B implies either R C P or J C P.
(xviii) If the T — RKIds R and T®— LKIds J, then R «, J C P implies either R C ‘P or J C*P.
(xix) If the T*— RIds R and T?— LKIds J, then R «, J C ‘B implies either R C [ or T C P.
(xx)  Ifthe T*— RKIds R and T?— LIds J, then R «,J C ‘B implies either R C P or J C P.



Alshanqiti O., et al. Results in Nonlinear Anal. 9 (2026), 42-50 48

Proof. (i) = (ii) : Let p be a PWKId. If € «, 3 , v € ‘B, then 3 ;e ;3 ;3 ;Y x; 3 C 3 x, € x, 3
Vo, 3C 3o P, 3CP.

By Lemma 2.6 3 oc; £ cg 3 o, Jocg yocg 3 € PB. Hence, Jocg g0y 3CP or Jocg y ey 3 C P Assume
3oy gcy 3 CP, then (6) , (6) x, (&) C 3oy ¢y 3 () C P. Hence, e € P. Similarly 3oc, yocy 3 C
PoreP.

@) = (v) : If () o, () €*B, then € x, 3 x, v C (¢) , () € B. By (i1) e € Por~ € *P.

(v) = (vi) : Let R and J be the 7% - Ids in 3, then R, T CP. If R € P, then e e R\ P. For any v € J
(€) x, () CRx, T CP < ~e€’P. Hence, T C*P.

(vi) = (vin)(vii) = (0)(vi) = (viti)(xit) = (x) and () <& (i) & (1) & (iv) & (vi) are direct.

(vit) > (xii) : If the T%— RId R and 7%?—- RKId Jin 3, then R «, J C 3 but R € ‘B, then e € R \ L. For
any v € J and by Lemma 3.2 (¢) , () € (R «, J) U (3 x, R x, J) C‘P. By Lemma 3.2 and Lemma 2.6
(e) , (fY) C (&) <y () € *B. Then by (viii) vy € ‘B VNET Hence Jcp.

(vi) = (ix) : Let )% and J be the T%— RId of 3, then R «, J CP. If T ¢ P, then § € T\ P. For any y € R
and by Lemma 3.2 (y) «, (6) € (R x, J) U (3 x, R «, J) g B. Then by (vi) y € P. Hence, R C L.

(ix) = (x) and (x7) = (x) are direct.

(x) = (i) : If the T?— RKIds R and J in 3, then R «, J C P but R ¢ P, then e € R\P. For any v € J and
by Lemma 3.2 (¢), , (), € R x, T CP.

By Lemma 2.6 (&), «, (T(): C (&), o5 (), €P. Hence, by (x) J C *B.

(vii) = (x7) : If the 7% — RKId R and 7%— RId J in 3, then R «, J C P but R ¢ P and J € B, then w
eR\Pandve T\ P. Then (w) x, () € R x,T) U (3 ¢, R x, J) € P and by Lemma 2.6 (w) «, (v) C
(w) ocy (v) € P, which contradicts (vii). Hence, (xi) holds.

(viit) = (xvi) : If the 7% — LId R and 7%— LKId J in 3, then R «, J C P with J € 3, then v € T \ .
For any ¢ € % and by Lemma 3.2 (¢) «, () C (R «, ) U(R «, T , 3) € P. By Lemma 2.6 (¢).(~) C
(&) 5 () € B. Hence, by (viit) R C P.

(xvi) = (xiv)(xiv) = (I)(xiti) = (xiv) are direct.

(vi) = (xiiz) : If R and J are the 7% — Llds of 3, then R o, TC P but R P and T € P, then y e R\ P
and 6 € J \ . By Lemma 3.2 () «, (6) € (R x, J) U (R x, T «, 3) C ‘P, which contradicts (vi). Hence,
(xitz) holds.

(vii) = (xv) : If the 77— LKId R and 7%— LId I in 3, then R «, J C ‘P with J ¢ B, then v € I\B. For
any @ € R and by Lemma 3.2 (0) x, ) € (R x,J) U (R x, J x, 3) € P. By Lemma 2.6 (o) x, (V) C
(w) o<y (v) € P. Hence, by (vii) R C P.

(xv) = (xtv)(xvil) = (xx)(xx) = (xviii) and (xviii) = (i) are direct.

(vi) = (xvit) : If the 7%— RId R and 7% - LId J in 3, then R «, J C P with R € P, then e € R\ B. For
any v € J and by Lemma 3.2 (¢) o, () SR x, N U R x, Tx, 3) U (3 x, Rex, T U (3 x; R x, T x, 3) CP.

() x, () =((ne;e) U(eox; 3)U B ex, ) U ex, e, 3)) o, (Mo, ) Uboy, 3)U (3o, y) U3, x, 3))
C(D‘{ocJ)U(D‘ioc o<3)U(30<fRo< J)U(Boci)‘{chocB)
C‘J3U(‘130< 3)U(30< ‘13)U(30< ‘BO{B)
cB.

Hence, by (vi) 7 C B.

(vi) = (xix) : If the 7" — RId R and 7% — LKId J in 3, then R «, J C P but J ¢ P, then 9 € I \ P. For

any ¢ € R and by Lemma 3.2 (¢) x, () C R x,J) U (R x, T x, 3)U(30< Ro, NUB x,Rex, Tx, 3) C
. Now

() x, () =((no;e) U(eox; ) UG x,€) U3 ox, ey 3)) e, ((moc, ) U(y ey 3) U (3o U (3o, o, 3))
CR,DURx, Tx, U QB ox,Rex, U3 x, Rex, T xy 3)
CPUPBx,HUGx,P)UQG e, P, 3)
cP.
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Now

@ %, ()= (1, @) U, 3) UG ox, @) U(3x, 0, 3) o, (m s, 9) U (9, 3) U (Box, 9) U (3 ox, 9 o, 3))
CRx,DURx, Tx, UGB x, Rex, U3 ox, Rex, T oxy 3)
CPUPBx,3)UGx,P)U 3o, P, 3)
CB.
Hence, by (vi) R C .
(xix) = (2): 1s direct.
(vi) = (xx) : If the 7°— RKId R and 7%— LId J in 3, then R «, T C P but R € P and J € B, then e € R
NP and~yeT\P. By Lemma 3.2 (€) o, (Y E R ox; N URx, T x; 3) U B ox, Rex, T) U (3 xR ox, T ex,
3) C B, which contradicts (vi). Hence, (xx) holds.

Definition 4.3. The subset © of 3 is represent

() t-systemif¢,n €0 andexisis S€E 3 & g x, 8 x, 1 € O.
(i) 7i-system if¢,n €0 and exists g € (5),n € () < ¢ x,n € O.
(iit) 7i-system if g, n € J and exists c € (¢), n € () & ¢ x,n € O.

Lemma 4.4. The T*— KId ‘B is a T — PKId if and only if ‘B¢ is a 7)(z%7})-system.

Proof. Let B be an 7% — PKId in 3 and ¢, v € . Then by Theorem 4.2 € «, 3 «, v € ‘B. Then there
exists y € 3, then e «, y «, v € . Hence, P is a 7)-system. For e , v € P by Theorem 4.2 (vii) and (x)
(&) <, () € B and (&) , (?6 ¢ ‘B. Then B° is a 73-system and 7}-system respectively.

Conversely if there exist 7%~ Klds R and J, then R &, 7 C B but R € P and J € P, then e € R\
P and g€ T\ P. Hence, € x, g € P < ¢, x,, € P for some €, € (¢) and v, € (~), which contradicts R
x, J CP.
Remark 4.5. The Example 4.6 asserts that there are T?— Klds , which are not T? — PKIds.

Example 4.6. Let 3 = {4, h, A, g, <, V} be the bi-semiring.

<, || |Alp|> |V |l«c,|0]|8|A|p|>|V
hlh |||l |v (8| |[r|Alp|>]|V
Al |l a|lh|lp|le|vY||A|lb8|r|A|R|>|YV
Al |ar|Algp|>|lVv||AlbB|A|A]R|D>|YV
Pl gl v |l |r|Alp|>]|V
>l |p|>|lp|>|v ][>l | |Alp|>]|V
Vil ip|v| v |lv| | rn|Alp|>]|V

o<3hhAg)|>\_/

hilbg|a|A|lp|>|Vv

|l | h|Alg@|> |V

Al | r|A|Y D>V

| i | |A|@|> |V

> 8| ha|Ale|>]|V

vibg|la|Alge|>|V

Now {t, <} , {t, A} =i} € {0, A}. Hence, {8, h} is T?— KId but not a T°— PKId.

Theorem 4.7. If R is an T?— KId of 3 and O is a t3-system of 3, then R N O = ¢, then there exists a
T?— PKId B3 of 3, then B N O = ¢ with R C ‘P.
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Proof. Let R be a T — KId in 3 and let J be a 7z3-system in 3, then RNO = ¢. Now we consider the set
J={lIisan T*— KId R CJ and J N O = ¢}. Clearly J is non-empty. Let R, C R, C R, be any chain in
J. Let N =UR..
Clearly Nisa T*-Kld in 3 and X N O = ¢.

By Zorn’s lemma J has contains maximal element . Assume there are 7?—KlIds ¢/ and V in 3, then
Ux, VEPbutUZPand VP, theng € U\ P and ¢ € V \ PB. Hence, P C P U (Z) and P C P U 9).
By Maximal property B, 75 € (p U (@) N D and e (Pu (79)) N ©. Then there exists 1'13' € (113) and
7y e(ry), then ¥’ , 7%’ € 0. Now

PU©Q x,BU@ =P UFE x, (@) U0 x,B) U (@ x, (I))
CPUPUPUUx,))
cp

By Lemma 2.6 (%) o, () < (7,) oo, (r,) = B. Hence, f N O # ¢, which is contradiction, f N D = ¢.
Hence, P is a T?— PKId of 3.

Corollary 4.8. If R is an T*=KId of 3 and O is a 73-system (z3-system) of 3, then R N O = ¢, then there
exists a T*—PKId B of 3, then B N O = ¢ with R C ‘B.
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